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BBenenue

1. 'enepajabHbIil A3BIK

IIycrs cayuaitnas semmauna & = (&1,...,&,)T € RP, e p — KOJIMYECTBO NPU3HAKOB.

O6o3naunm
e cexmop cpednuz p = (E&, ... EE,)T € RP;
o xosapuayuonryro mampuuy ¥ = Cové = E(§ — EE) (€ — EE)T € RP*P,
PaccmoTpuM gBa ciydas:

o Ilenmpuposannvie dannvie: £ = E—E¢. Torma KoBapHAIMOHHAS MATPHIA GYIET IMETh

s Coveé(© = EE@) ()T,

C 0 0 L e(8) _ &-E¢ o
o CUmandapmusosarnvie dannwie: & = Ube. AV KaxK 101 &;, 1-0if KOMIIOHEHTBI BEKTOPA
1

&. BanmieM Tenepb 9TO B MATPUYHOM BHJIE: BBEIEM A — JIHArOHAJbHYIO MATPUILY,
cocTogmyio u3 saementos /D& g i = 1,... p. Torma @) = A1 = Corr(€) =

Cov(£®), To ectn Cov(£()) — 310 KOppe/IANIONHAA MATPHIIA JI0 CTAHIAPTH3AIIN.

2. BoibopouHnblii sI3bIK

[lepeiiném Temnepb Ha BBHIOOPOUYHBIN A3bIK. [lycTh X1, ...,X, € RP — Bpibopka oObéMa
n. MoxKeM 3a/1aTh SMIMPUYIECKOe PacIipe/iesienne Kak {X; ¢ BepoaTHocTbio 1/n}. BosHukaer
BOIIPOC: KaK 3aJIaTh Mampuyy danHoir? YI00HO ObLIO OBl ee 3a71aTh KaK MATPUILY pa3Mepa

P X n:

X1 e | Xp |

Ho B xkHEUTrax BeTpevdaeTcs: CIAYIONNI BAPUAHT MAMPULDL OGHHHIL :

X=1| ' |=[X1:...: X,] e RV



Tenepsr 3HaeM, Kak HaIUCATH BCE XAPAKTEPUCTUKH, YIIOMSHYTLIE BBINIE, HA BBIOOPOTHOM

A3DbIKE.

.f]:

3=

> (Xj)i — ewbopounoe cpednee, j =1,...,p.
i=1

X;=(zj,...,7;,)T e R™.

Henwmpuposannasn mampuya dannss X 1

XO=[X;— X100 X, — X, = (X9 X9

2 _ 1 v@2 _
o si= || X7 6b00POUHAA OUCTEPCUS.
Mampuya u3 cmandapmusosariols npusnaros X

X, -x; X9 1.
Il XY =1 Vi=1,...p.
Sj S] n

() _
X7 =

e S= %(X(C))TX(C) — BbIOOPOUHAA KOBAPUAUUOHHAA MAMPUUA.

° C/oaf = %(X(s))TX(S) — B8HIOOPOUHAA KOPPEAAUUOHHAA MAMPULQ.

3. IIpumepbl JaHHBIX 0 CTAHJAAPTU3AINN U TOCJTIE

3a1a1MMCsT BOIIPOCOM, KaK BBITJIAIAT JIaHHBIE 10 CTaHIAPTU3AINN U IOCJIe HeE?

1. Jlannwvie ¢ nenyresoti xoppeaayuer:

S catte,rplol’:

Puc. 1. JlanHbIe 10 CTaHIAPTU3AIMT Puc. 2. JlanHubie nocjie cTanIapTU3AIUN

! TlocunTaim cpeamee Ho KaskJIOMy NMPU3HAKY U BRIWIM. TakuM 06pa3oM, cpejiHee 10 KasKIOMY IIPH-

3HaKy HyJIeBOe.



2. annwie ¢ nyaesoti Koppesayuess:

Scotberplot T Seotéerplot
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Puc. 3. JlanHablie 10 cTaH apTH3AIIT Puc. 4. Jlanubie nocjie cTangapTU3anun
[Toce crangapTu3amun — KpyT.

4. MHoromepHoe HOpMaJIbHOE pacIIpejiejieHne

Paccmorpum € ~ N,(p,X), tne p = E§ — cpennee 3nadenne £, ¥ = Covf — KoBa-
puaIuoHHas MaTpuia. IIpeanonoum, 94To X — HeBLIpOXKAeHHasg Marpuna.? ILiommuocmo

MHO20OMEPHO20 HOPMANBHOZ20 pacnpedeserus 3a1aéTcst (POPMYIION:

1 1 Te—1
p(x, p, X) = WGXP{—g(X—M) YT (x—p)} ans vx € R, e
P — KOJIMYECTBO IIPU3HAKOB. OquHILHO, 9TO B OJTHOMEPHOM CJiy4dae IIJIOTHOCTb 6y,ﬂ‘eT NMETDH

CJICIIYIOIUAT BUJ:

_ 1 (z — p)?
p(z) = N exp{—T}, e

[, 0 — aucia. Beeném ciemyroiee nousatue — paccmoanue Maxaranobuca:

(% 1, 8) = (x = p) TR (x — p).

OtmernM, 9TO X B JJAHHOM CJIydae sIBJII€TCS HEOTPUIATETbHO OMpPEeIeIEHHON CUMMeTpPUt-

Hoit Marpureit. Ho Tak Kak KoBapualnnoHHAash MATPHIA YJOBJIETBODSET JAHHOMY YCJOBUIO,

TO [OJIyYaeM, YTO eCJIM paccTostHus MaxasiaHoObuca COBIAJIAIOT, TO U IJIOTHOCTH MHOIOMED-

HOI'O HOPMAJIBHOTO paclpejiesierns Toxke. [locMoTpuM, 4To GyJer ABIAThCS PACCTOSHUEM
Maxasanobuca B ogHOMEpHOM ciydae (p = 1):

(@ —p)? _Je—pl _

o2 o

2|5l #0.

rar(x, p, 02) — paccmoanue o Mam.oxHc., USMeEPEHHOE 6 .




Ha BbIGOpOYHOM sI3BIKE:

Takum obpa3om, ecim y HAC €CTh HOPMAJbHOE PACIpejeeHre, TO B OJHOMEPHOM CJIydae
MBI MOYKEM M3MEPSATh PACCTOAHUE B CATMaX, & B CJIydae MHOIOMEPHOI'O HOPMAJBLHOTO pac-
[peJie/IeHnsT Mbl CMOTPUM Ha JIMHUU YPOBHSI (TOYKH, HAXOJAIINECH HA OJJHOM DPACCTOSHUN

Maxasianobuca, oT 1eHTpa).

@ —

Puc. 5. Jluaun yposus

OTBeTuM Ha CJIEIYIOMNN BOIIPOC: Kakoe npeobpasosanue neobrodumo cOesamy co cAy-
Yatimnoll 8eAUNUHOT, UMENULET HOPMAALHOE PACNPEdeserue, YMOobObL U3 3aA8UCUMOCTNU NONY-

YUMb HE3A6UCUMOCTD ?

noworoT
—
o npeodp

gy,
—

Puc. 6. OTbenuBanue

CuavaJia JiejlaeM IOBOPOT, a 3aTeM CTaH/IapTulyeM. Takoe IpeoOpa3oBaHUe ellle HA3bI-
13 )
BaeTcd “‘orOemBaHmeM .
[ycrs ¢ = 27V 2(¢ — p) — HoBast ciyuaiiHas BeJMYMHA, HOJyYeHHAs U3 HCXOJHOf

JIMHEHHBIM TIPeodpa30BaHuEM. HECJIOKHO cocunTarh, 910 E( = O, Tak Kak

E¢ = X7VY3(Ee — p) = 0.



[Tocunraem koBapuanuio (:

_ T y—1/2 —1/2 _ y—1/2 yol y—1/2 _
Cov(¢) = EC¢" =X “Cov(§)X X b . z L
1233

BenoMaMM HECKOJIBKO CBORCTB, KOTOPbIE XapaKTEPHbI JIJIT HOPMAaJIbHO PaCITPeIeIEHHBIX

CJIyYalHbIX BEeJINYNH:

1. Eciu & ~ N, To u Begkoe JmHeiinoe npeobpa3oBanne £ TOXKe UMeeT HOPMAaJIbHOE Pac-

IIpezejieHue.

2. 3HaeM, 9TO U3 HE3ABUCUMOCTH CJIeyeT HEKOPPEINPOBAHHOCTD. B cydae HOpMaIbHOTO
pacupejeneHust BepHo u obparnoe. B obiieMm ciydae 310 HeBepHo. [IpuBeaém npumep,

KOr'Jla 3aBUCUMOCTDL €CTb, HO KOPpPEJIANUA paBHA 0.

Puc. 7. Ilpumep maHHBIX, KOTJA 3aBUCUMOCTH

€CTb, HO KOpPeJIAIns HyJaeBas
3. YcoBHOE MaTeMaTUIeCKoe OXKUJAHUe SBJISIeTCS JINHEHHOM (byHKIIIel.

4. KoBapuallIoOHHas MaTPHUIIA Y. MOXKET OBITH BBIPOKICHHOI:>

Puc. 8. Kopapunammonnas maTpuia

BBIPOXKJIEHA

3 Hanpumep, Korya JByMepHOe pacupeieseHne COCPEe0TOUEHO Ha, OTHOI PSIMOi.



5. Ilepexos K HOBbIM IpU3HaAKaM

[Tycrs € — p-MepHag cirydaiinasg BeJIMYUHA, P — KOJUIECTBO MpU3HAKOB. CauTaeMm, ITo
cpejiHee paBHO HYJI0. XOTHM 00PA30BaTh HOBBLIN NPU3HAK, KOTODPBIH SBJISETCS JTUHEIHOMN
KOMOMHAIHEH cTapbIX IPU3HAKOB (CMBICT B TOM, 9TOOBI CJIe/IaTh TaK, YTOOBI HOBBI IPH3HAK

OBbLT B HEKOTOPOM CMBICTIE JIYUIIe, UeM CTaphble):

n=AT¢="A=aé+... +a,¢, AcR?
Dn=ATSA.
Teneps 1iyctsb 1 = (01,...,1m4)T € RY — d-mepnas ciydaitmas Bemmauna, T.e. d — 9THCTO
HOBBLIX IPU3HAKOB, KOTOpad ToaydaeTcs n3 nexoanoit kak n = ATE, tae A € RPX4. Coorset-
CTBYyIOIas KoBapHalldoHHas Marpuna 6yaer umers sug Cov(n) = ATZA.
Ha BbIOOpOYHOM s3BIKE: / = zp: a;X; = XA € R" wm Z = XA € R e
j=1

X € R™P — maTpuiia JTaHHBIX.

1. BOSbMéM B Ka4eCTB€ MH/UBUI0OB IIKOJILHUKOB, & B Ka49€CTBE€ IIPU3HAKOB — OICHKH IIO

YETBIPEM IITKOJIBHBIM ITPEIMeTaM:

e X, — OlleHKAa 110 MaTeMaTUKE;

e X, — onenka 110 pU3NUKe;

e X3 — OIIEHKA II0 PYCCKOMY;

e X, — OIleHKa TIO JIUTEpaType.
Camu 110 cebe OIEHKH MAaJio HeCcyT MHMOPMAIMI PO OD0Iee MOJIOXKEHNE B ITKOJIe MK
KJIacce, MO3TOMY JlaBaiiTe CO3/1a/IUM HOBbIE IPU3HAKH, KOTOPBIE OYIyT Gojiee nHMOP-
MaTuBHBIME. [IycTh 9T0 OyIyT

o /1 =X+ Xo+ X35+ X, — cymMa OIEHOK 1O BCEM IIpeIMeTaM;

o 7y = X; + Xy — (X3 4+ Xy4) — pasHOCTb MeXKJIy OINEHKAMHU I10 €CTECTBEHHBIM U

T'YMaHUTapPHBIM HayKaM.



Borsicnum, kak Oyzier BBINISICTh MaTpuiia A B 9TOM ciiydae:

1 1

A= b e R*2,
1 —1
1 -1

2. PaccmoTpuM JiBa npusHaka: OIEHKH 110 MaTeMaTuke X u pusnke Xo.

Puc. 9. Scatterplot: X; and X

B mannoit curyanum mosrydaeTcs, 9To HOBBIN pu3Hak X + Xo JIydille BCero xapakTe-
pu3yeT JIaHHbIe, TO €CTh 3TO Ta XapPaKTEPUCTHKA, 110 KOTOPOIl YUYEHUKN MaKCUMAaJIbHO
pa3/IMvaioTcd; BTOPoil npusnak — X; — Xy, 110 HEMY YYEHUKHU OTJIMYAIOTCA MEHBIIIE.
B anasimse riasabix komioneHT (AI'K) HeoOGxo/mMo BBIOpATh HPU3HAK, KOTOPBI OB
HAWTY4ITIM 00pa3oM XapaKTepH30BaJs JaHHble. Takoil XapaKTepUCTHKO Oy/eT TOT

IIpU3HaK, 110 KOTOPOMY JaHHbIE MaKCUMaJIbHO Pa3/IN9alOTCH.

3. PaccmoTpum s1Ba mpusHaKa: OleHKH! 1o MaTeMaTtuke X, u qureparype X,. Makcumaiib-

HOE OTJIn4ue I10JIydaeM I10 Pa3HOCTU JaHHBIX IIpI/I3HElJKOB.4

4. Bo3MOKHO, UTO JJaHHBIE HEOJHOPO/IHbIE. 10TMa HOBBIN PU3HAK CTPOUTCA TaK, ITOOBI
110 HEMY I'PYIIIbI MaKCUMaJIbHO pa3jndaJuch. Hanpumep, eciin B3sTh MaTeMaTUKOB U

duI0JI0TOB, TO JTaHHBIE OOPA3YIOT JBE T'PYIIIIHI.

4 Hapucyiire scatterplot B sToMm ciayuae



10

Puc. 10. Scatterplot: X; and X4

5.1. /IBe mHTepnpeTaluu HOBBIX NPU3HAKOB. PaKTOpHbIE HATPY3KU

O6cymumn, 3a1eM HeOOXO UMbl HOBbIE TPU3HAKH. TaK¥Ke 70 3TOr0 Mbl TPEOOBAJIH, ITOOBI

HOBBIE IIPU3HAKY ObLIN JINHEHHON KOMOMHAIMEel cTaphiX. Teneps 100aBUM eIlle YCJIOBHE, UTO:
e Ha BEIOOPOTHOM A3BIKE: 2; L z; (BEKTOPa-IIPU3HAKHE OPTOTOHAJILHBI).

e Ha reHepabHOM sI3bIKe: p(1);,1;) = 0 (cirydailHble BeJMMHHBI-TIPA3HAKI HEKOPPEINpPO-

BAHbI).

3aBUCHMOCTD TTPU3HAKOB 110 CMBIC/TY 03HAYAET, UTO YaCTh OJJHOIO IIPU3HAKA BXOIUT B JIPYTOIi,
TO €CTh MOJIyYaeTCs HEKOTOpasd U30bITOYHOCTh. [Tosromy u Tpebyercst He3aBUCUMOCTDH (B
JIAHHOM cJiydae, boJiee cjiaboe yCJIOBUE — HEKOPPEJIUPOBAHHOCTD ).

[Iycrs rank(X) = d, (Zy, ..., Z4) — OpTOrOHAJIBHBII 6a3UC B TOIIPOCTPAHCTBE pa3Mep-

nocru d — span(Xy, ..., X,) = colspan(X). [Ipesparum 6asuc B opmonopmuposartoui basuc:

Qi = II?H' B opronopmupoBanHoM 6a3uce yI00HO BBIMUC/IATH KOOPJAMHATHL BEKTOPA Uepe3
1
CKaJIAPHBIE TPOU3BEJIcHU ¢ OaszucubiMu BekTopamu. Ecim Uy, . .., Uy — opTOHOMUPOBAHHBII

6azuc B RY, To V A € R? packia/isiBaeTcs 0 OpTOHOPMIPOBAHHOMY 0a3nCy:

d
A= Z < A, U; > U;, tne < A,U; > — i-asg koopauHara BekTopa A B 6asuce {Uj};-lzl.

i=1
5 Takum o6pazom, {Q; %, — opronopmuposanuslii 6azuc B npocrpanctse span( Xy, . .., X,).

Hoswie npusHaru Ha camom deae UHMEPNPETUDYIOTCA 06y./\/b.ﬂ cnocobamu:

® Paccmorpum npumep: npocrpanctso R2, coorsercrsyiomuii 6asuc (1,1)T/v/2, (1, —1)T/v/2. D10 op-

TOHOPMHUpPOBaHHBI Gasuc, na? Kak Buraucnuth KoopauHatsl Bektopa (5,4)T B nanmom 6azmnce?
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e HoBsble npusHaku 3a/1a10TCs pABEHCTBOM (HOBBIE IPU3HAKY €CTh JINHEHAs KOMOUHATIUST

CTAphIX):

XA =Z.

e llcxonHble MpU3HAKN BBIPAYKAIOTCs Yepe3 HOBBbIe (€CTh MPOCTPAHCTBO, B HEM 0Oaswuc,

KazK/IbIil BEKTOP 9TOTO MPOCTPAHCTBA PACKJIAIBIBAETCS 110 6a3ucy):
d
VZIL,p Xl:Z<X’L7Q_]>Q] (1)
j=1

Omnpepgesienne 1. f;; =< X;,Q); > — daxmopnuie ceca, darmoprvie naepysxu.

Cocrasum marpuny F = {f;; f’:dl,jzl = [F,:...: Fy] € RP*4 — koacbpurnuentsr pasiio-

JKEHHUsI TI0 OPTOHOPMUPOBAHHOMY 6a3KCy, TOTa MOXKEM 3aIicaTh padjoxkenue (1) B marpud-

HOM BIULIE:
d
X=) QFf =QF". 2)
j=1
1Q;|l =1, | Fj|| # 1 B paznokennn (2). Jasaiite Hopmupyem F. Ilycrs 0; = || F}||, P = ”?”,
rorga [|Q;ll = [Pl = 1 n
d
X=> 0,Q;P] =QTP", rze & = diag{oy,...,04}. (3)

j=1
Ymo 3a mampuua QjP]T € R™P % MoxKHO 3aMETUTH, 9TO rank(QjP]T) = 1; neficTBUTEIHHO,
CTOJIOIBI MATPUIIBI IIPOITOPIIMOHAILHBI; TO YK€ CaMoe JIJIsi CTPOK. TakuM obpa3om, y Hac ObLIa
MCXOJIHAS MaTPUIlAa paHTa d, a MBI IPEBPATUIN €€ B CyMMY d SJIEMEHTAPHBIX MATPUI] PAHTa
1.
Iycrs XU = 6;Q; P, rorna X = Y- XU,

j=1
5.2. Bkiyiag HOBBIX NPU3HAKOB

Brenn HOBBI TIpU3HAK, TENEPh XOTEJIOCH Obl TOHATDH, KAKYI0 BaXKHYIO 9acTh UH(pOPMa-
1IN OH B ce0s BKJIIOYaeT. BBeaéM cKajsipHOe IIPOU3BeIeHNEe ABYX MATPHIL, KOTOPOIl COOTBET-

creyer nopma ®pobennyca (||A[|F = 3 af)):
ij

(Y, Z)p = Z YijZij-

i)j
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d d

Ecmm sepro || X2 = || Y X0)|12 < S IXW||2., To 6%aad j-020 npusnaxa (BKIam j-oif
= =1

XD 6

[1X1*

9JIEMEHTAPHON MaTPUI) PABEH

Bameuanue 1. Jaa pazaoocenua (3), || S XD |2 = Y ||IXUD|2 (crarapnoe npouseedenue
j=1 j=1

pasro 0, nomomy wmo Q; L Q;).

Tak kax (); 1 P; HOpMUPOBaHBI, TO MOZKEM IPOJOZKUTH PABEHCTBO:

d d d
IXI2 =1 ) XOU% = Y IXDYE =D of.
j=1 j=1 J=1

Sameuanue 2. [[ycmv cmapvie npusnaku X; 4eHmpuposaHHvie, mo2da Hosble NPUSHAKY L;

u (QQ; Mootce UEHMPUPOBAHHBLE.

Jokxasameavcmeo. HoBble mpusnaku — 3T0 JinHeliHas KomOnHarms ctapbix. CpeiHee uHeii-
HOIl KOMOWHAIINY €CTh JIMHeliHass KOMOMHAINS CPeJIHUX 110 pu3HakaMm. CpeiHue 1Mo Mpu3Ha-

KaM paBHbI 0, TIOJTy4aeM IIeHTPUPOBaHHbIE HOBbIE ITPU3HAKH. O

6. ITapa dakToB U3 JUHEITHOI AJaTreOphI

1. Ynumapras mampuya U — opToronaabHas MaTpuIia B KOMILIEKCHOM ciydae. Ee cBoii-

CTBa:

e U — xBagparnas marpuna: UT = UL,

e Crosbier U opTOHOPMUPOBAHBI.

e Crpoxu U opTonopMupoBabl.”

e Ywmuoxkenue Ha MaTpuily U o3HAYAECT N06OPOM WA OMPANHCEHUE.

e [Ipu ymuoxkenun va marpuity U (1 Ha UT) HE MEHSAIOTCA HOPMbI BEKTOPOB U yTJIbI
MexK Ty BeKTopamu. Ilycth ecth BekTOpa Y, Z, mnocje ymHoxKkeHusi Ha MaTpuity U
nonyaum Y =UY, Z =UZ u |Y|| = Y|, IZ|| = ||1Z|, < Y, Z >=<Y,Z >
(movyemy 9TO 0O3HAYAECT PABEHCTBO YIJIOB MEXKJy BEKTOpaMMu?).

cos¢ sin¢

IIpumep 1. U = — MAMPUUAE NOBOPOMA HA Y204 §.
—sin¢g cos¢

6 Ecm otHomenue paHo 1/2, To 3HAUHT, UTO j-bIit mpu3HaK n3Mepster 50% Beeit mH(OpMAH.

7 2 mynkT sksuBasenten 3. Ilovemy? Ecim Marpuna opToroHabHas, TO U TPAHCIOHHPOBAHHAS K Heil

TOYXKE OPTOrOHAJIbHAs (CJIe/lyeT U3 IIyHKTa 1).
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OO6brvHO, yHUTApHAS MATPUIA CTPOUTCH W3 OPTOHOPMHPOBAHHOIO 0Oasmca, KOTOPBIi
cocrapisier crosbipl Marpunbl. (IIpoBepbre, 4ro B mpuMepe ¢ HOBOPOTOM Ha ¢ 9TO

TaK.)

[ycrs {P;}7_, — cucrema HE3aBUCHMBIX BEKTOPOB, PACCMOTPUM JIMHEHHYIO 060I0UKY
L, = span{P,...,P.} s RE I : RE — £, — oproronanbublii ipoekTop Ha L, (oH
COTIOCTABIIAET BEKTOPY OJIMKAMIITYI0 TOUKY U3 IIOIPOCTPAHCTBA, UTO JEIACTCS OITyC-

KaHUeM mepreHnky/asgpa). Marpuna I1:
I1 = P(PTP)~'PT.

Iycrs {P;}_, — opronopMupoBaHHbii 6aszuc L,, T.e.

P'P=1,,, = e R™",

Torma I = PPT.
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[1aBa 1

CunrynasgpHoe pa3JjioxKeHne

(SVD — Singular Value Decomposition)

1.1. Kak cTpouTcs CUHTYJ/IIPHOE Pa3JI0XKEeHUe

[Iycts L — wmcno npusHakos, K — xommdectso mHamsuiaos, Y = X' € REXK — gemy-
nesag marpuna. O6oznaunm S = YYT € RY*F — cuvMmerprdnasg HeOTPHIATEILHO OMPeIe-

JIEHHAS MaTpHuiia. Ilo OIIpEeJeJICHUIO,
SUZ = )‘zUza rue

{U;}L, — opronopmuposannblii HaGop U3 COBCTBEHHBIX BEKTOPOB MATPUIILI S,
A > ... > A >0 — cobeTBenHbIe Yncaa MaTpunsl S.!

[Iycts d = rank Y = colrankY = rowrankY. 3uaem, aro d < min(L, K).
IIpennoxenne 1. 1. d =rank YYT.
2. X>0; N =0npui>d?
8. {U;}L, obpasyrom opmonopmuposanviti basuc colspany .

Bseiém BekTOp

Vidzf eRF i=1,...,d
Ai
IMpennoxenune 2. 1. {V;}4, — opmonopmuposannas cucmema 6eKmopos.

2. V; — cobcmeenHwle GEKMOPAQ YTY, coomsemcemeyrnuwue mem Hce COOCMBEHHBIM YUC-
Ai. O 01 YTY 01 -
AAM Aj. UCTNAADBHDBLE COOCTNEBEHHDBLE GERINOPG coomeemcemeyrom HYAEeBbIM COOCTNEBEH

HBIM YUCAAM.

d
4. Y =S V/NUVE — SVD (Cuneyaaproe pasaosicenue mampuio).>t

i=1

! HeorpumnarenbHble, Tak KaK MaTPUIA S HEOTPHIIATEILHO OIIPE/Ie/IeHa.
2 Yopgaoumm cobCTBeHHBIE TICIa: IepBhle d CTPOTO HOJ0KHUTEILHEIE, 8 OCTAILHEIC BCE HYJIH.
3 PazjioKeHue B CyMMY 3JIEMEHTAPHBIX MATPHIL.

4 CaMblit BayKHBIH IIYHKT YTBEPXKJICHUS.
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Ymo 3decv cuumamov nosumu npusnaxamu, ecau Y = X1? Vi3 rak kak U; € R,
V; € RE.
e U; — OpTOHOPMUPOBAHHBIN Oa3MC B IIPOCTPAHCTBE CTOJIOIOB.

e V; — OpPTOHOPMHUpPOBaHHBI 6a3UC B IPOCTPAHCTBE CTPOK.O

Ai

[ ] Zd—)\ — BKJIa/L 7-0OI'0O IIpU3HaKa.
i=1 "M

Onpenenenue 2. \/\; — cunzyaapnoie yucaa mampuuyvt Y, U; — ae6vie cunysipHvle 6ek-

mopa, V; — npasvie cun2ysapHble 6EKMOPA.

Tpotixa (v Ni, Ui, V;) maswieaemes i-ot cobemeennots mpotikot cunzyaiapHo20 pasnodtce-

HUA.

3ameuanune 3. Cureyaaproe pasnogcerue — eJUHCMBEHHOE PA3NOACEHUE ¢ JBYMA OPMO-

HOPMUPOBAHHBIMU basucamu.

1.2. MaTpu4HbIii BUJ CUHTYJISIPHOTO Pa3JI0XKEHUS

MozKkHO 3ammcaTh ABYMs CIIOCODAMU:
1. Beeem Uy = [Uy = ... : Uy), Vg =[V1 o ... V], Ag = diag(Aq, ..., \g). Torma

Y = UsAY?VE.

2. Bosbmém U= [U;y :...:Uyg:Ugyq o ...: U] — opronopmuposanbiii 6azuc B RE.7
VE=[Vi:...:Vy: Vi oo 0 Vg| — opronopmuposanusbiit 6asuc B RY.
A1 0 .0
0 0 0
A=10 Ad 0 € REXE Torgal
0 .0
0 0 0

Y = UAY2VYT,

5 Onn gymnnbe :)
6 Moxkem X TpaHCIIOHHPOBATE, IPOJIEIATH BCE TO ¥Ke camMoe, a MOMeHsIoTcs MecTaMu Tojibko U u V.

"Ugy1,...,UL COOTBETCTBYIOT HYJIEBOMY COOCTBEHHOMY HHCIY MATDPHUITHL.

8 U,V — oproroHajbHble MATPHIBL.
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1.3. EJIMHCTBEHHOCTh CUHTYJISIPHOTO Pa3J/I0XKEHUS

Hacxoavko edurncmeenno pasaoscerue SVD (oo 00no cywecmeyem 0as Mampuyvl uau

H@m)7 MozkHo IIOJAyMaThb, 9TO pal3J/IOZKE€HNE HE €IMHCTBEHHOE, TaK KaK

1. CobcTBeHHBIE BEKTOPA HE €IMHCTBEHHBIE, TO eCTh ecyim U; — COOCTBEHHBIN BEKTOP, TO

(=U;) — coberennblit BekTOp,”
d d
Y=Y VAUV =Y VU ()T
1=1 i=1

2. Ilycthb ecTb JiBa OJIMHAKOBLIX COOCTBEHHBIX 4UmMcia A = A = Ao, U; u U — jiBa op-
TOHOPMHUPOBAHHBIX BEKTOPA, COOTBETCTBYIOMNX COOCTBEHHOMY 4mcyy A. Torma Jrobast
nunHeitnasg komOuHarwsa Up u Uy Oyjier siBJIsIThbCsl TaK?Ke COOCTBEHHBIM BEKTOPOM U Oy-
JIET COOTBETCTBOBATH TOMY Ke COOCTBEHHOMY YHCTY, TO ecTh V o, B: al; + fU; — c.B. ¢
c.1. A. Takum obpa3oMm, ec/ii y HaC €CTh JIBa OJIMHAKOBBIX COOCTBEHHBIX YUCJ/IA, TO OHU
IOPOXKIAIOT OIIPOCTPAHCTBO pa3MePHOCTH 2, 1 JiIoO0i OPTOHOPMUPOBAHHLIH Ha3uc B

9TOM IIOAIIPOCTPaHCTBE IIOAXO/UT HaM B KadeCTBE COOCTBEHHOI'O BGKTOpa.10

[Tosyuaem, 9TO €IMHCTBEHHOCTH B OYKBAJIBLHOM CMBICJIE He rojty4daeTcd. [Toaromy cdop-

MyJIIPpYeM HeOOXO/IMMOEe HaM YTBEPKJICHUE.

L

ITpensnoxenune 3 (Exuncreennocts SVD). ITyems L < K. ITIyemos Y = 3 ¢; PQT — nexo-
i=1

MOPOE PABAONCEHUE 6 CYMMY INEMEHMAPHLLT MAMPUY, (OUOPMOZONANLHOE PASAOAHCENUE), Ta-

Koe wmo:
1ey>...>c,>0;
2. {P}, — opmonopmuposarmwe, {Q;}E, — opmonopmuposarmvie.

L
Tozda Y = > c;BQT — SVD, mo ecmv a060e 6u0pmo2onasvHoe pasa0Hcenue ¢ Heompuya-
i=1

measbHbHBIMU KOS&@UMU@HW’LGMU ABAACTNCA CUHSYAADPHDIM.

9 B BeIIeCTBEHHOM CIIydae COOCTBEHHEIN BEKTOP OIpEIe/feTCs eIMHCTBEHHBIM 06Pa30M ¢ TOUHOCTLIO
JI0 KOHCTaHTBI, MOJYJIb KOTOpoii pasen 1 (910 Bcero 1 m -1). Ho cunryssiproe pasiioxkenue o6o0IIaeTcs B

KOMIIJIEKCHOM CJIy4dae, a 3/IeCb y2Ke€ KOHCTaHT, 110 MO/IY/JIIO PaBHbIX 1, MHOT'O.

10 Ecim y mac ecTnb 1Ba 0IMHAKOBBIX COOCTBEHHBIX UHCIIA, TO MBI MOMKEM GpaTh J000i 6asic, HO CyMMa

JBYX MaTPUIl IOCTOsIHHA, TO €CTh OHA He MEHSeTCs OT BbIOOpa Oaswnca.



17

3ameuanue 4. B yacmrocmu:

e cyg>0,c41=...=c =0,

c? = \; — cobemeennvie wucaa YYT,

P, — cobcmeennvie sexmopa YYT,

Qi — cobcmeennvie sexmopa Y1Y,

o () = YTfi7 i=1,...,d (d=rankYYT).

1.4. OnTuMaJibHbIE CBOMCTBA CUHTYJISIPHOTO Pa3JI0KEHUSI

O6osnaunm M, C RY*E — ppocTpamcTBo MaTpuIl panra, MEHBIIETO WM PaBHOTO T
IIpensioxkenune 4 (OnruMalibHble CBORCTBA CHHIYIISIPHOTO pasioxkenus ). [Tyemo r < d.

1. (Annpoxcumayus mampuyet (Low-rank approzimation))

~ d ~ r
min [[Y - Y|%2 = 3 A u docmuzaemes na Y = SV NU VT
Ve, '

i=r+1 =1

2. (Annpokcumayus nodnpocmpancmeom)

IIyemo L, C REY — nodnpocmparncmeo pazmeprocmu < r. Tozda

d

K
r%mZdistQ(m, L)= Y X\

=1 i=r+1

u docmuzaemea na L) = span(Uy, ..., U,).

[Torpobyem OTBeTHUTH Ha BOIIPOC — 4MO 6b1200HEC TPAHUMD 6 NAMAMU — BCH0 MAMPU-
UY uAU ee CuHYAAPHOE pasnoscerue? UToObl XpaHUTh MaTPUIly JAaHHBIX pasmepa L X K,
Tpebyercst xpauuTh LK 31emenToB. UTOOBI XpaHUTH BEKTOPaA CUHTYJIAPHOIO Pa3JI0:KeHUs,
tpebyerca d(L + K) snemenros.!! Takum o6paszom, ecjm, K IpuMepy, MaTpuia GjusKa K

kBajipatHoii (L = K), o ipu L > 2d, BbIrOJIHEE XPAHUTD CHHIYJISIPHOE PA3JI0KEHME.

11 Beero d cunrynspubix Tpoek, U; € RY, V; € RE | a cunrynsprble unciia IpuImchBaeM K OIHOMY H3

BEKTODOB.
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[1aBa 2

Ananus riaBabix komnonenT (AT'K)

(PCA — principal component analysis)

2.1. I'maBHbIle HaITpaBJICHUS

[Iycrs Yy, ..., Yx € RE. Pacemorpum Bektop P : ||P|| = 1. DroT BeKTOp 33/12eT Ha-
npasJienne (MpsAMYyIO, HOAIPOCTPAHCTBO pasMeproctu 1). [Tpoekius Ha laHHOE HAIPABJICHUE
BBINJIA AT creytonum obpasom: (Y;, P)P, a ee jymna pasna |(Y;, P)|. Ilpoeknus usmepsier
TO, HACKOJIBKO 3TO HAIIPABJIEHUE COOTBETCTBYET HAIIUM JaHHBIM. IlocTaBuM 3ajady HaiiTu
HAIPaBJIEHNEe, KOTOPOE JIy4Ille BCEro OIMCHLIBAET HAIy COBOKYIIHOCTH TOYEK. e OGoJblie

Ipoeknu«d, TeM JIydlIle. Baaana:

K
Z:(Y;,P>2 — max.

i=1
BekTop Pj, Ha KOTOPOM JIOCTUTAETCS MAaKCUMYM, 38JIa€T NEPEOE 2A06H0E HANPAEAECHUE.
Jlaee OyaeM mckaThb MaKCUMyM 110 BCEBO3MOXKHBIM BEKTOpaM, OPTOrOHAJbHBIM P u

TaK JaJiee.

ITpennoxxkenue 5. Bepro caedyrouee:

K
1. max Y (Y;, P)?> = \; u docmuzaemcsa na P = Uy,
i=1

K
2. max Y (Yi, P)* = \y u docmueaemca na P = U,

P PLU
K
T. max S{Y;, P)? = X\, u docmuzaemcs na P = U,.
P: PJ_UJ', j:1,...,’l’71 i=1

Ui — 2AG6HbLE HANPABAEHUA.
r

Paznozxkenne Y; no riuasmbiv nanpasiaennss: Y; = » (Y, U;)U;.
i=1
(Y;,U;) — i-a xomnonenma eexmopa Y; (KoabdUIEEHT pasioKeHns BEKTOPa 110 [JIaB-

HBIM HapasjeHusM ). COCTaBUM 6EKMOD i-T 2AA6HVLL KOMNOHEHM.:
Z; = =Y'U, = VAV, = XU,
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2.2. Anamm3 riaaBHBIX KoMNOHeHT. [locTpoenue

2.2.1. AHaau3 rjiaBHBIX KOMIIOHEHT HAa BbI60pO‘IHOM A3bIKEe

Bepnemcs K cunryngpaoMmy passoxkenuio. MmeeM pasjioxkenue:

d
Y=Y VAUV
=1

Tenepsb nepeiiiéM Ha BHIGOPOUHBIH A3BIK aHA/IM3a TJIABHBIX KOMIOHEHT. [ToMHMM, 9TO
Y = XT € REXK | pne cTosbnbl — MHANBUILI, CTPOKH — HPHU3HAKN, UHIUBHIOB K, a IpH-
snakos L.! B ciydae amanmza riapabix Kommonent Dy = {1,...,L}, Dy = {1,..., K},
pi({i}) = 1 — cunraomas mepa, po({i}) = % — BepoATHOCTHAs Mepa, Ije i — HOMEP
unueuia. OTciona ciejyer, 4To Keajapar HopMbl || - |3 BexTopa-unmmeuma uz RY pasen
cyMMe KBaJIpaTOB €ro KOMIIOHEHT BCerjia, a HopMa B KBajpare || - |3 BekTopa-npusnaka mu3
RE B amanmse r1aBHLIX KOMIIOHEHT CYMTAeTCs He KaK CyMMa, a KaK cpejHee apudMermde-
CKOe KBaJpaToB KOMIIOHEHT BeKTopa. /lajee, 1 y HOpMBbI BEKTOpa O3HAYAET, YTO TaM CyMMa
KBaJ[PaToOB, & 2 — 9TO CpejiHee apuMETUIECKOE.

[Ipeanosraraem, uro Y — MeHTpUPOBAHHAS IO CTPOYKAM, TO €CTh CPeJIHee 0 TPU3HAKAM

PaBHO 0, " TOI'la I10JIyd9aeM /JIpyroe pa3J/iozKeHue:

2.3. CBas3b mexkay SVD u AT'K. Obmiee n paziamins
HeobxomuMo HalWTH CBA3DL MEXKTY Xi, (Z, ‘Z u \;, U;, V; coorBeTcTBEHHO.3HAEM, UTO
e U; — OpPTOHOPMHpOBaHHAs CHCTeMa COOCTBEHHBIX BeKTopoB MaTpunpnl YY1 = XTX,
e U; — OpPTOHOPMHPOBAHHAS CHCTEMA COOCTBEHHBIX BEKTOPOB MaTPHILBI LYYT = LXTX.

Taxkum O6p€iBOM7 IIoJIyd9aeM CJIECAYIOIHe COOTHOIICHNA:

o U, =Uj,

L )\12le7
_ Y

° V;f\/g.

1 BHByaJIbHO: Y — IrOpu30oHTaJibHad MaTpulla, & X — BepTHUKaJIbHaI.
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e Tak kak koaddunuent (Beca) 1/K He Bauser HA PABEHCTBO HYJIIO CKAJSIPHOIO IIPOM3-

BEJICHUS, TO yCJIOBUE OPTOINOHAJILHOCTU BEKTOPOB V; TO Ke caMoe.

Tak>xe 3amerum, 910

1 Y2
2 _ L 2 _ r
||Y||1,2 K Zyij - K
ij

PaCCMOTpI/IM Tellepb OTJINYUA CUHTYJIAPDHOI'O Pa3J/IoZKEeHUA OT aHaJIn3a I'NIaBHBIX KOMIIO-

HEHT.

1. Cronbubl B MaTpuiie Y HEPaBHONPABHBI, TO €cTh SVD MOJIHOCTBIO CHMMETPUYHO, a

AT'K mer. B wacTHOCTH, 9TO M3-3a PA3HBIX HOPM B IIPOCTPAHCTBE IMPU3HAKOB.
2. B AT'K npemnosiaraercs, 970 NpU3HAKHW IEHTPUPOBAHBI, & WHIWBUILI HET.

3. B AT'K pekomenjoBaHa HOpMUPOBKa ITPU3HAKOB.

Kozda nopmupyem npusnaxu? Koryja npusHaku H3MepeHbl B Pa3HbIX MIKaJax.>
e Hopmwupyem npmsnaku, ecim eCThb, HAIPUMED, JAHHbIE B CAHTUMETPAX W MeTpax.

e He nopMmupyem mnpusHaku, ecju ecTh, HalpuMep, OaslIbl 3a 339l U XOTUM, ITOOBI
rJIaBHAs KOMIIOHEHTa OTpazkasla yPOBEHb 110 pe3y/braraM 3a/ad. I[IycTs ecTh ciioKHbIe
(or 0 o 10) u mpoctete (ot 0 710 5) 3amatu. flcmo, aro momyanTs 2.5 H6as11a 3a MpocTyo
3a/1ay 1 5 6AJITIOB 32 CJIIOKHYIO — 9TO PA3HBIE BEIU, HO €CJIM Mbl HODMUDPYEM JIaHHbIE,

TO MBI CpaBHAEM 3TU JIBE BEIIU.

2.4. Yemy AT'K cooTBeTCTByeT Ha CTATUCTUYIECKOM SA3bIKE?

[Tepeitném k X € R™P (L — p — KOJIMYECTBO MHAMBUIOB, K — n — €Wucyio npusHa-
koB). ITyctrh crosbipl X (pusHaku) NEHTPUPOBAHbL. Bepém npushak, Kaxkyo HOPMY HYHCHO
pacemampueamy? BepoaTHocTHYI0 HOpMy. dmo osnauaem xapaxmepucmuka || X;||3 na cma-

MUCTNUNECKOM A3BIKE ¢

n

1 —
X5 = — Z ((X;); — Xi)2 = s%(X;) — BbIGopounas mucrepcus X;.
n

=1

2 Ecim aTo-TO m3MepeHo B miaJe oT 0 10 1, a uro-To ot 0 mo 100, To pesynsrar AT'K GymeT HemHTe-
pecubiM. Beermia mepBoe riiaBHOe HampasiieHne Oy/IeT NepeTAruBaThCA TeM ITPU3HAKOM, KOTOPbIe TPUHUMAET

3HAYEHUsI C CYIIECTBEHHO OOBIINM pa3dbpoCcoM.



21

Tmo oananaem nopma mampuyvt, dannwix | X||3 5 na cmamucmuneckom azvxe? Vcnonbsyem
BEPXHIOIO CTPOYKY W IIPEJIIIoaraeM, 9To X IeHTPUPOBAHBI.

P P
X3, = Z 1 X5 = Z s*(X;) — total variance.
i=1

=1

d
LY — Ty.
[Tocunraem HOpMY BEKTOpa INIABHBIX KOMIOHEHT (cumraeMm, uto ATK: Y = Y /NUV.'):
i=1
Z; = XU; = /\V;, tie Z; — BEKTOp UPOEKIUil WHAWBUIOB Ha 1-0€ HAIIpaBJIEHUE U | =
1...,n.

Bnaem, uto || Z;||3 = s*(Z;). Yuursisas, uto V; HOpDMUPOBaHbI, TO
1Zi]l3 = s*(Z;) = XUl = [[V/AVills = A

Paszyioxkenne mMoxkeM 3aImcarh CJAeLYIONIM 00pa30M:

d d d
XT=S" VAoVt =3 RVt =Y vz,
1 i=1 i=1

1=
rie F; = v/ \U; — BeKTOD i-X (aKTOPHBIX BeCOB (HAIPY30K), Z; = v/ \;V; — BEKTOD IVIABHBIX

KOMIIOHEHT.

2.5. Bkyaa riiaBHBIX KOMIIOHEHT

Berancamm nopmy Y = XT.

p

XTI, = D0 200 = SO IVAUV B =30 h = > ().

i=1 i=1
[Tosyuansocs, aro total variance He MeHsieTcsi IPU TIepexo/ie K HOBBIM IIpU3HAaKaM (Ipu

[IOBOPOTE HOPMa BEKTOPOB HE MEHSIETCsI).

A . . 5

—I— — 6Kka0 J-0U 2Aa6HOT KOMNOKEHMBL 6 00WYI0 Jucnepculo.
>N

=1

s?(X;) — undopmaTUBHOCTD i-0r0 NpusHaKa, s2(Z;) — MHMOPMATUBHOCTH -Oif TJIaB-

3

HOI KOMIIOHEHTHI. TakuM oOpas3om, deMm OoJibiie pa3zdpoc, TeM OOJIbIIe 9Ta XapaKTepPUCTUKA
nndopmatusHa. [lepBag riaBHasg KOMIIOHEHTa UMeET HAUOOJIBITYIO HOPMY, ITO9TOMY 9Ta KOM-
MOHEHTa caMasg UHPOPMATUBHAI.

Hanomnuwm, uro Z; = XU;, To ecTb Z; — nunefinaa komounanus X ; ¢ koaddunuentamu,
B3aThiMu U3 U;. Takum o0pazoMm, 24a8Hble KOMNOHEHMb, — TO OPTOrOHATBLHBIE MEYXKY CO-

00t JInHEITHbIe KOMOMHAIIMY UCXO/IHBIX IPU3HAKOB, 00J1a/IAI0IIIe CBOWCTBOM OITUMAJILHOCTH.

3 B uncimrene — Jucrepcns HOBOTO IIPU3HAKA, B 3HAMEHATENe — OOIIAs JIUCIIePCHSL.
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Bosamootcrv 6apPUaAHIMDBL.

1. Marpuna X — nearpuposana. Torna U; — 310 cOOCTBEHHBIE BEKTOPBI MATPUIIBI %YYT =

1T
~X*X (BbIOOpOUHAsT KOBAPUAIMOHHAS MATDPHIIA).

2. Marpuna X — nenrpuposana u nopmuponana. Torna U; — cobcTBeHHBIE BEKTOPHI MAT-

1yvyT _ 1T
puipl - YY' = XX (BpIG0pOUHaA KOPPEIANNOHHAA MATPHIIA).

2.6. AT'K c Touykm 3peHuns nmocrpoeHus 6a3mca B IIPOCTPAHCTBE

MHINBUAOB 1 B IIPOCTPAaHCTBE IIPU3HAKOB

Ana/mm3 riaBHBIX KOMIIOHEHT Ha BBIOOpOYHOM si3bike: X € R™*P, U; € RP, V; € R".
d d d
S SVXCAES DR W
i=1 i=1 i=1

F; = V\;U; — BekTOD i-X aKTOPHBIX BECOB (HAIPY30K),
Z; = \/\;V; — BEKTOD TJIaBHBIX KOMIIOHEHT.
d
1. XT =Y FVT rne {V;}L, — oproHopMupoBanublii 6a31c B IPOCTPAHCTBE TPU3HAKOB.
i=1

Iycrs F = {fi; ]i?7:dl,j:1 =[F ..., Fy. Torna

Cov(X;,V;), ecrm AT'K 1o xoBapuail. MaTp.
fij = (Xi, Vi) =
j-51 KOOP/I. i-Or0 TIPU3HAKA p(le ‘/J) = IO(XZ7 Zj)a ecn AT'K 1o KOppEeJIAL,. MaTp.

B 6a3uce HOBBIX IPU3HAKOB

d
2. XT=5S"U.ZF, vne {U;}¢_; — opronopmupoBamblii 6a3uc B MPOCTPAHCTEE UHIUBH/IOB.
i=1

[Iycrs Z = {zij}?juzl =[Zy:..., 7. Torna

Rij = (xi, Uj)1
——

J-51 KOOPJI. 1-OTr0 MHIUBUIA
B HOBOM bazuce

Tak Kax MHIMBHILI HE IEHTPUPOBAHBI U HE HOPMUPOBAHLI, 3TO PABEHCTBO IMPOJIOJIZKITh
10 AHAJIOTUH C HPEIBIAYIIAM IIyHKTOM HE MOKeM. Ho MOKeM BBLIIMCATH CJICYIOIIEe.
Iycrs afx;, Uj) — yroa mexay x; u U;. Torna

<Xi, Uj)l _ <Xi> Uj>1
I3[ U5 ]|

cos(a(x;,Uj)) =
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OTH JiBa IIYHKTa IOMOTAIOT OTBETUTH Ha BOIIPOC — KAK 6bIAGUMD UHOUEUJ08, KOMOPHLE NAOLO
ONUCHLBAIOMCA NAOCKOCTIDIO NEPEYLL ISYT KOMNOHEHM ?

Y10o0ObI TOCYUTATH, KAK XOPOIIO UHIUBU/] ONUCHIBACTCS IJIOCKOCTBHIO, HAJIO MOCIUTATH
KOCUHYC YTIJIa MEYK/JTy IJIOCKOCTBIO U MHAUBUI0OM. OYeBUIHO, UTO WHIMBUIbI, [IEPIIEH UK YJISD-
HbI€ IIJIOCKOCTH, IIJIOXO OITMCHIBAIOTCS ITOM IJIOCKOCTHIO. Eciin ecth opToronaibublii 6a3uc, To
BEepHO ciiejtyiomiee: cos®(yriia MezK/y BEKTOPOM U MPOeKIHeil Ha IJI0CKOCTD ) =cos? (yI/Ia Mexk-
JIy BEKTOPOM M 1-BIM 3JIeMeHTOM 6aszuca)+ cos?(yriaa MexK/Ly BEKTOPOM M 2-BIM 3JIEMEHTOM
bazuca).

[Iycts Y; € RP — urjusuyt. Torjga KocuHyc yriia MeXK)Iy HUM U IIJIOCKOCTBIO IEPBBIX
JIBYX TJIABHBIX KOMIIOHEHT:

2 2

Zi1 Zi2

Y, U) (Y, Us)? 22 .2
Cosg(a(}/i7span(U1,U2))): ||Z}’/||12 + ||’1’/||22 B W

Mp1 mostyumin, 9TO, CKJIaJIbiBasd KBaJIPaTbhl HODMUPOBAHHBIX CTPOK Z, Mbl MOYKEM IIO-
JIydaTh KBaJPaTbl KOCUHYCOB yIJIOB MEXKJYy MHJIMBUJIAMUA U IJIOCKOCTHIO. IlycTh npusnakm

CTaH/JapTU30BaHbI. AHaJIOrIYHO MOZKEM II0JIy49UThb, 94TO
2 2 2
COS (a(X%Span(‘/la‘/?))) = fjl +fj2'

Ecin Bce nenTpupoBaHO, TO KOCHHYC MOYKHO HAa3BaTh KoppeJssiuei (dpopMmysibl jiist
KOCHHYCa U KOd(DduimenTa Koppessiiuu coBiaayT). Torga moayaumM, 9To MHOXKECTBEHHbIIH

KO3 PUITUEHT KOPPEJIAIUN PABEH CyMMe KBaJIpaTOB OOBIYHBIX KOPPEJIAINii, TO €CTh
Rz(Xj; Vh VQ) = p2(Xj7 Vl) + p(va VQ)?

TaK KaK KBaJpaT MHOKECTBEHHOTO KO3 DUIMeHTa KOPPEJAlnh MKy BEKTOPOM-ITPU3HA-
KOM U HaOOPOM BEKTOPOB-IIPU3HAKOB — 9TO KOCHHYC yIJIa MEXKIY HeHTPUPOBAHHBIM BEKTO-
POM-TIPU3HAKOM U TIOJIIIPOCTPAHCTBOM, HATAHYTHIM Ha BEKTOpa-IIpU3HaK U3 Habopa. Murep-
npeTaysi MHOXKECTBEHHOI'0 KO3 PUITHEHTA KOPPEAIUN — MePa 3aBUCUMOCTH MEXKJTY OJTHUM

IIPU3HAKOM U HAGOPOM IPU3HAKOB.
Bameuanune 5. U=[U;:...: Uy, F=[F:...: Fj

p
13 = U =1
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p
3. ; 5= IE1* =X

d . d ) ) s%(X;), ecau ATK no xosapuay. mamp.
4 21 g = (X Vi = Xz =
J:

=1 1, ecau AI'K no xoppeasay. mamp.

Ckassiproe npoussejierne (X;, V1)3 XapakrepusyeT T0, HACKOJIBKO 1-blil HOBBI IpU3HAK
omuceBaeT uexoaubiil. Ecmu pacemorpers (X;, V)3 + (X, V2)3, T0 9T0 TO, HACKOIBKO TIEPBBIX

JABa HOBBIX IIPHU3HaKa OIIMCBIBAIOT CT&prfI.

2.7. Nurepruperanus riIaBHbBIX KOMOOHeHT. CMbBICJI epBOii TJIaBHOI

KOMIIOHEHTHBI B CJIy4dae€ IIOJIO2KUTEJIbHbIX KOBapI/IaHI/Iﬁ

Teopema 1 (Ileppona-@pobennyca). [Tycmv A — cummempuuran, HEOMPUYAMEALHO ONPE-
DENEHHAA MAMPUUA, €€ IACMEHTBL NOAOHCUTEAbHDL. 10200 6CE KOMNOHEHMDL €€ NEPBO20 COO-

cmeennozo sexmopa Uy 6ydym odnozo 3naka.

Takum 06pasoM, ecau 6ce KOppesayuy (KoSapuauu) noAOHCUMEALHIL, MO 6Ce KOMNO-
newmo, U 001020 3HaKa. DTO oUpesiesiseT CMbIC/ [ePBOil MIaBHOH KOMIOHEHTHI (B ciiydae
HOJIOZKUTEJIbHBIX KoBapuarnuii). Torna nepsas riiaBHast KOMIIOHEHTA SIBJISIETCS JIMHEHHON KOM-
OuHaIMeil cTapbIX MPU3HAKOB € TOJIOKUATETHHBIMI KOI(DUITHEHTAMEI. JTO MOYKHO IPOUHTED-
[PeTHPOBATh KaK HeKuii o0Iuil ypoBeHb 4ero-mubo (Hampumep, o0l ypOBEHb yUeHUKA,
eCJIM TPU3HAKN — OIEHKHU B IKoje). OcTajbHble IVIABHbIE KOMIIOHEHTBI MOYKHO TaKyKe HH-

TepIIPETUPOBATEL UCXO/s U3 Ko3((PUINEHTOB TIepe]] CTapLIMU ITpu3HaKamiu.

2.8. BpiOop 4mcJia riiaBHBIX KOMIIOHEHT

[IpuBesieM HEKOTOPBIE BAPUAHTHI BHIOOPA YHMC/Ia TJIABHBIX KOMITOHEHT.

1. 3amaerca nponent P u 6epercss T KOMIIOHEHT:

T

oA

=1
Zd > P%,

oA

i=1

4 HammomuuM, 4To K03bQHIIEeHTAME JHHEHHON KOMOHHAIINY SABJISIOTCS 3JIeMEeHThI BeKTOpoB Uj.
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TO €CTh 4TOOBbI KOMIIOHEHTBI Hec/ i B cebe He mMenee PY% urndopmarum.

2. Ilpasuo Kaiizepa. Beibupatorcs riaBable KOMIIOHEHTBI, HH(MOPMATUBHOCTD KOTOPBIX
6obITe cpeiHeil HMOPMATUBHOCTH:
o
> s (X
i=1

1 )\i> =
p p

™
>

Ecmu ATK 1o koppensiuonnoit matpurie, 1o ¢ @ A; > 1.

A
d
2 A
=1
HepasHble YacTu. [lomydaem pazbuenne 0 < py < g < ... < pg—1 < 1. Beibupaercsa

3. IlpaBuio cinomanunoit Tpoctu. Ilycrs u; = . Hucna p; aenar orpesok [0, 1] Ha

KOMIIOHEHTa, AJINHA KOTOpOfI OoJIbIIIe Cpe,ZLHeﬁ JJIMHBI KYCOYKa cnyqaﬁHo CJIOMAHHOI

TPOCTH.

4. IlpaBusio kamenucrtoit oceiu. CTponM rpaduk yHOPsIOUYEHHBIX 10 yObLIBAHUIO COO-
crBeHHBbIX [ncest (scree plot). C Kakoro-to MOMeHTa COOCTBEHHbBIE UHCJIA HAYHHAIOT
Me/J[JIEHHO MeHAThCA. bepeM KOMIOHEHTBI JI0 9TOI'0 MOMEHTA, TO €CTh ITOKa COOCTBEH-

HbI€ 9UCJIa CYHIECTBEHHO OTJIMYaloTCd APyl OT Apyra.

94 Scree plot

Eigenvalue

T T T T T
2 4 6 8 10

Number of PCs.

Puc. 2.1. Scree plot

5. NuTeprpernpyemM CTOJIBKO KOMIIOHEHT, CKOJIBKO MOYKEM.

2.9. Onruvuzanusa B AI'K B rTepMmHax KoBapuannOHHBIX MaTPHIL

HamomunM, ato Y = XT, rne X — Marpuna J1anHbIX.
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Ipeanoxenue 6. 3adawa |[Y — Y| —  min  oxeusasenmna sadaue |YYT — YYT| —
Y: rank Y<r

_ min~ . Pewenue smot 3adawu Y* cmpoumca kak CYmMma cobCMBEHHDIT mpoex, coomeem-
Y: rank Y<r

CMBYrnwuUxr nepeviMm r 2A06HIM KOMNOHEHTNAM.

Eciu marpuna nestpupopana, o 3ajada ||[YYT — YYT|| —  min  sksusanenTHa

Y: rank Y<r
CJIe,H‘yIOHIeIL/'I 3a/a4e:

IS=S|| = _ min
S: rank S<r

rie S — KoBapHallMOHHAsT MaTPUIlA JIJI HAIAX JaHHBIX, & S — KaKas-TO KOBapUAIMOHHA

MaTpHuiia (CI/IMMeTpI/I‘{HaH, HEOTpHUIaTEJIbHO OHpe,ZLQJIeHHaH).
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