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BBenenue

1. 'enepajabHbIil A3BIK

IIycrs cayuaitnas semmauna & = (&1,...,&,)T € RP, e p — KOJIMYECTBO NPU3HAKOB.

O6o3naunm
e cexmop cpednuz p = (E&, ... EE,)T € RP;
o xosapuayuonryro mampuuy ¥ = Cové = E(§ — EE) (€ — EE)T € RP*P,
PaccmoTpuM gBa ciydas:

o Ilenmpuposannvie dannvie: £ = E—E¢. Torma KoBapHAIMOHHAS MATPHIA GYIET IMETh

s Coveé(© = EE@) ()T,

C 0 0 L e(8) _ &-E¢ o
o CUmandapmusosarnvie dannwie: & = Ube. AV KaxK 101 &;, 1-0if KOMIIOHEHTBI BEKTOPA
1

&. BanmieM Tenepb 9TO B MATPUYHOM BHJIE: BBEIEM A — JIHArOHAJbHYIO MATPUILY,
cocTogmyio u3 saementos /D& g i = 1,... p. Torma @) = A1 = Corr(€) =

Cov(£®), To ectn Cov(£()) — 310 KOppe/IANIONHAA MATPHIIA JI0 CTAHIAPTH3AIIN.

2. BoibopouHnblii sI3bIK

[lepeiiném Temnepb Ha BBHIOOPOUYHBIN A3bIK. [lycTh X1, ...,X, € RP — Bpibopka oObéMa
n. MoxKeM 3a/1aTh SMIMPUYIECKOe PacIipe/iesienne Kak {X; ¢ BepoaTHocTbio 1/n}. BosHukaer
BOIIPOC: KaK 3aJIaTh Mampuyy danHoir? YI00HO ObLIO OBl ee 3a71aTh KaK MATPUILY pa3Mepa

P X n:

X1 e | Xp |

Ho B xkHEUTrax BeTpevdaeTcs: CIAYIONNI BAPUAHT MAMPULDL OGHHHIL :

X=1| ' |=[X1:...: X,] e RV



Tenepsr 3HaeM, Kak HaIUCATH BCE XAPAKTEPUCTUKH, YIIOMSHYTLIE BBINIE, HA BBIOOPOTHOM

A3DbIKE.

.f]:

3=

> (Xj)i — ewbopounoe cpednee, j =1,...,p.
i=1

X;=(zj,...,7;,)T e R™.

Henwmpuposannasn mampuya dannss X 1

XO=[X;— X100 X, — X, = (X9 X9

2 _ 1 v@2 _
o si= || X7 6b00POUHAA OUCTEPCUS.
Mampuya u3 cmandapmusosariols npusnaros X

X, -x; X9 1.
Il XY =1 Vi=1,...p.
Sj S] n

() _
X7 =

e S= %(X(C))TX(C) — BbIOOPOUHAA KOBAPUAUUOHHAA MAMPUUA.

° C/oaf = %(X(s))TX(S) — B8HIOOPOUHAA KOPPEAAUUOHHAA MAMPULQ.

3. IIpumepbl JaHHBIX 0 CTAHJAAPTU3AINN U TOCJTIE

3a1a1MMCsT BOIIPOCOM, KaK BBITJIAIAT JIaHHBIE 10 CTaHIAPTU3AINN U IOCJIe HeE?

1. Jlannwvie ¢ nenyresoti xoppeaayuer:

S catte,rplol’:

Puc. 1. JlanHbIe 10 CTaHIAPTU3AIMT Puc. 2. JlanHubie nocjie cTanIapTU3AIUN

! TlocunTaim cpeamee Ho KaskJIOMy NMPU3HAKY U BRIWIM. TakuM 06pa3oM, cpejiHee 10 KasKIOMY IIPH-

3HaKy HyJIeBOe.



2. annwie ¢ nyaesoti Koppesayuess:

Scotberplot T Seotéerplot
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Puc. 3. JlanHablie 10 cTaH apTH3AIIT Puc. 4. Jlanubie nocjie cTangapTU3anun
[Toce crangapTu3amun — KpyT.

4. MHoromepHoe HOpMaJIbHOE pacIIpejiejieHne

Paccmorpum € ~ N,(p,X), tne p = E§ — cpennee 3nadenne £, ¥ = Covf — KoBa-
puaIuoHHas MaTpuia. IIpeanonoum, 94To X — HeBLIpOXKAeHHasg Marpuna.? ILiommuocmo

MHO20OMEPHO20 HOPMANBHOZ20 pacnpedeserus 3a1aéTcst (POPMYIION:

1 1 Te—1
p(x, p, X) = WGXP{—g(X—M) YT (x—p)} ans vx € R, e
P — KOJIMYECTBO IIPU3HAKOB. OquHILHO, 9TO B OJTHOMEPHOM CJiy4dae IIJIOTHOCTb 6y,ﬂ‘eT NMETDH

CJICIIYIOIUAT BUJ:

_ 1 (z — p)?
p(z) = N exp{—T}, e

[, 0 — aucia. Beeném ciemyroiee nousatue — paccmoanue Maxaranobuca:

(% 1, 8) = (x = p) TR (x — p).

OtmernM, 9TO X B JJAHHOM CJIydae sIBJII€TCS HEOTPUIATETbHO OMpPEeIeIEHHON CUMMeTpPUt-

Hoit Marpureit. Ho Tak Kak KoBapualnnoHHAash MATPHIA YJOBJIETBODSET JAHHOMY YCJOBUIO,

TO [OJIyYaeM, YTO eCJIM paccTostHus MaxasiaHoObuca COBIAJIAIOT, TO U IJIOTHOCTH MHOIOMED-

HOI'O HOPMAJIBHOTO paclpejiesierns Toxke. [locMoTpuM, 4To GyJer ABIAThCS PACCTOSHUEM
Maxasanobuca B ogHOMEpHOM ciydae (p = 1):

(@ —p)? _Je—pl _

o2 o

2|5l #0.

rar(x, p, 02) — paccmoanue o Mam.oxHc., USMeEPEHHOE 6 .




Ha BbIGOpOYHOM sI3BIKE:

Takum obpa3om, ecim y HAC €CTh HOPMAJbHOE PACIpejeeHre, TO B OJHOMEPHOM CJIydae
MBI MOYKEM M3MEPSATh PACCTOAHUE B CATMaX, & B CJIydae MHOIOMEPHOI'O HOPMAJBLHOTO pac-
[peJie/IeHnsT Mbl CMOTPUM Ha JIMHUU YPOBHSI (TOYKH, HAXOJAIINECH HA OJJHOM DPACCTOSHUN

Maxasianobuca, oT 1eHTpa).

@ —

Puc. 5. Jluaun yposus

OTBeTuM Ha CJIEIYIOMNN BOIIPOC: Kakoe npeobpasosanue neobrodumo cOesamy co cAy-
Yatimnoll 8eAUNUHOT, UMENULET HOPMAALHOE PACNPEdeserue, YMOobObL U3 3aA8UCUMOCTNU NONY-

YUMb HE3A6UCUMOCTD ?

noworoT
—
o npeodp

gy,
—

Puc. 6. OTbenuBanue

CuavaJia JiejlaeM IOBOPOT, a 3aTeM CTaH/IapTulyeM. Takoe IpeoOpa3oBaHUe ellle HA3bI-
13 )
BaeTcd “‘orOemBaHmeM .
[ycrs ¢ = 27V 2(¢ — p) — HoBast ciyuaiiHas BeJMYMHA, HOJyYeHHAs U3 HCXOJHOf

JIMHEHHBIM TIPeodpa30BaHuEM. HECJIOKHO cocunTarh, 910 E( = O, Tak Kak

E¢ = X7VY3(Ee — p) = 0.



[Tocunraem koBapuanuio (:

_ T y—1/2 —1/2 _ y—1/2 yol y—1/2 _
Cov(¢) = EC¢" =X “Cov(§)X X b . z L
1233

BenoMaMM HECKOJIBKO CBORCTB, KOTOPbIE XapaKTEPHbI JIJIT HOPMAaJIbHO PaCITPeIeIEHHBIX

CJIyYalHbIX BEeJINYNH:

1. Eciu & ~ N, To u Begkoe JmHeiinoe npeobpa3oBanne £ TOXKe UMeeT HOPMAaJIbHOE Pac-

IIpezejieHue.

2. 3HaeM, 9TO U3 HE3ABUCUMOCTH CJIeyeT HEKOPPEINPOBAHHOCTD. B cydae HOpMaIbHOTO
pacupejeneHust BepHo u obparnoe. B obiieMm ciydae 310 HeBepHo. [IpuBeaém npumep,

KOr'Jla 3aBUCUMOCTDL €CTb, HO KOPpPEJIANUA paBHA 0.

Puc. 7. Ilpumep maHHBIX, KOTJA 3aBUCUMOCTH

€CTb, HO KOpPeJIAIns HyJaeBas
3. YcoBHOE MaTeMaTUIeCKoe OXKUJAHUe SBJISIeTCS JINHEHHOM (byHKIIIel.

4. KoBapuallIoOHHas MaTPHUIIA Y. MOXKET OBITH BBIPOKICHHOI:>

Puc. 8. Kopapunammonnas maTpuia

BBIPOXKJIEHA

3 Hanpumep, Korya JByMepHOe pacupeieseHne COCPEe0TOUEHO Ha, OTHOI PSIMOi.



5. Ilepexos K HOBbIM IpU3HaAKaM

[Tycrs € — p-MepHag cirydaiinasg BeJIMYUHA, P — KOJUIECTBO MpU3HAKOB. CauTaeMm, ITo
cpejiHee paBHO HYJI0. XOTHM 00PA30BaTh HOBBLIN NPU3HAK, KOTODPBIH SBJISETCS JTUHEIHOMN
KOMOMHAIHEH cTapbIX IPU3HAKOB (CMBICT B TOM, 9TOOBI CJIe/IaTh TaK, YTOOBI HOBBI IPH3HAK

OBbLT B HEKOTOPOM CMBICTIE JIYUIIe, UeM CTaphble):

n=AT¢="A=aé+... +a,¢, AcR?
Dn=ATSA.
Teneps 1iyctsb 1 = (01,...,1m4)T € RY — d-mepnas ciydaitmas Bemmauna, T.e. d — 9THCTO
HOBBLIX IPU3HAKOB, KOTOpad ToaydaeTcs n3 nexoanoit kak n = ATE, tae A € RPX4. Coorset-
CTBYyIOIas KoBapHalldoHHas Marpuna 6yaer umers sug Cov(n) = ATZA.
Ha BbIOOpOYHOM s3BIKE: / = zp: a;X; = XA € R" wm Z = XA € R e
j=1

X € R™P — maTpuiia JTaHHBIX.

1. BOSbMéM B Ka4eCTB€ MH/UBUI0OB IIKOJILHUKOB, & B Ka49€CTBE€ IIPU3HAKOB — OICHKH IIO

YETBIPEM IITKOJIBHBIM ITPEIMeTaM:

e X, — OlleHKAa 110 MaTeMaTUKE;

e X, — onenka 110 pU3NUKe;

e X3 — OIIEHKA II0 PYCCKOMY;

e X, — OIleHKa TIO JIUTEpaType.
Camu 110 cebe OIEHKH MAaJio HeCcyT MHMOPMAIMI PO OD0Iee MOJIOXKEHNE B ITKOJIe MK
KJIacce, MO3TOMY JlaBaiiTe CO3/1a/IUM HOBbIE IPU3HAKH, KOTOPBIE OYIyT Gojiee nHMOP-
MaTuBHBIME. [IycTh 9T0 OyIyT

o /1 =X+ Xo+ X35+ X, — cymMa OIEHOK 1O BCEM IIpeIMeTaM;

o 7y = X; + Xy — (X3 4+ Xy4) — pasHOCTb MeXKJIy OINEHKAMHU I10 €CTECTBEHHBIM U

T'YMaHUTapPHBIM HayKaM.
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Borsicnum, kak Oyzier BBINISICTh MaTpuiia A B 9TOM ciiydae:

1 1

A= b e R*2,
1 —1
1 -1

2. PaccmoTpuM JiBa npusHaka: OIEHKH 110 MaTeMaTuke X u pusnke Xo.

Puc. 9. Scatterplot: X; and X

B mannoit curyanum mosrydaeTcs, 9To HOBBIN pu3Hak X + Xo JIydille BCero xapakTe-
pu3yeT JIaHHbIe, TO €CTh 3TO Ta XapPaKTEPUCTHKA, 110 KOTOPOIl YUYEHUKN MaKCUMAaJIbHO
pa3/IMvaioTcd; BTOPoil npusnak — X; — Xy, 110 HEMY YYEHUKHU OTJIMYAIOTCA MEHBIIIE.
B anasimse riasabix komioneHT (AI'K) HeoOGxo/mMo BBIOpATh HPU3HAK, KOTOPBI OB
HAWTY4ITIM 00pa3oM XapaKTepH30BaJs JaHHble. Takoil XapaKTepUCTHKO Oy/eT TOT

IIpU3HaK, 110 KOTOPOMY JaHHbIE MaKCUMaJIbHO Pa3/IN9alOTCH.

3. PaccmoTpum s1Ba mpusHaKa: OleHKH! 1o MaTeMaTtuke X, u qureparype X,. Makcumaiib-

HOE OTJIn4ue I10JIydaeM I10 Pa3HOCTU JaHHBIX IIpI/I3HElJKOB.4

4. Bo3MOKHO, UTO JJaHHBIE HEOJHOPO/IHbIE. 10TMa HOBBIN PU3HAK CTPOUTCA TaK, ITOOBI
110 HEMY I'PYIIIbI MaKCUMaJIbHO pa3jndaJuch. Hanpumep, eciin B3sTh MaTeMaTUKOB U

duI0JI0TOB, TO JTaHHBIE OOPA3YIOT JBE T'PYIIIIHI.

4 Hapucyiire scatterplot B sToMm ciayuae
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Puc. 10. Scatterplot: X; and X4

5.1. /IBe mHTepnpeTaluu HOBBIX NPU3HAKOB. PaKTOpHbIE HATPY3KU

O6cymumn, 3a1eM HeOOXO UMbl HOBbIE TPU3HAKH. TaK¥Ke 70 3TOr0 Mbl TPEOOBAJIH, ITOOBI

HOBBIE IIPU3HAKY ObLIN JINHEHHON KOMOMHAIMEel cTaphiX. Teneps 100aBUM eIlle YCJIOBHE, UTO:
e Ha BEIOOPOTHOM A3BIKE: 2; L z; (BEKTOPa-IIPU3HAKHE OPTOTOHAJILHBI).

e Ha reHepabHOM sI3bIKe: p(1);,1;) = 0 (cirydailHble BeJMMHHBI-TIPA3HAKI HEKOPPEINpPO-

BAHbI).

3aBUCHMOCTD TTPU3HAKOB 110 CMBIC/TY 03HAYAET, UTO YaCTh OJJHOIO IIPU3HAKA BXOIUT B JIPYTOIi,
TO €CTh MOJIyYaeTCs HEKOTOpasd U30bITOYHOCTh. [Tosromy u Tpebyercst He3aBUCUMOCTDH (B
JIAHHOM cJiydae, boJiee cjiaboe yCJIOBUE — HEKOPPEJIUPOBAHHOCTD ).

[Iycrs rank(X) = d, (Zy, ..., Z4) — OpTOrOHAJIBHBII 6a3UC B TOIIPOCTPAHCTBE pa3Mep-

nocru d — span(Xy, ..., X,) = colspan(X). [Ipesparum 6asuc B opmonopmuposartoui basuc:

Qi = II?H' B opronopmupoBanHoM 6a3uce yI00HO BBIMUC/IATH KOOPJAMHATHL BEKTOPA Uepe3
1
CKaJIAPHBIE TPOU3BEJIcHU ¢ OaszucubiMu BekTopamu. Ecim Uy, . .., Uy — opTOHOMUPOBAHHBII

6azuc B RY, To V A € R? packia/isiBaeTcs 0 OpTOHOPMIPOBAHHOMY 0a3nCy:

d
A= Z < A, U; > U;, tne < A,U; > — i-asg koopauHara BekTopa A B 6asuce {Uj};-lzl.

i=1
5 Takum o6pazom, {Q; %, — opronopmuposanuslii 6azuc B npocrpanctse span( Xy, . .., X,).

Hoswie npusHaru Ha camom deae UHMEPNPETUDYIOTCA 06y./\/b.ﬂ cnocobamu:

® Paccmorpum npumep: npocrpanctso R2, coorsercrsyiomuii 6asuc (1,1)T/v/2, (1, —1)T/v/2. D10 op-

TOHOPMHUpPOBaHHBI Gasuc, na? Kak Buraucnuth KoopauHatsl Bektopa (5,4)T B nanmom 6azmnce?
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e HoBsble npusHaku 3a/1a10TCs pABEHCTBOM (HOBBIE IPU3HAKY €CTh JINHEHAs KOMOUHATIUST

CTAphIX):

XA =Z.

e llcxonHble MpU3HAKN BBIPAYKAIOTCs Yepe3 HOBBbIe (€CTh MPOCTPAHCTBO, B HEM 0Oaswuc,

KazK/IbIil BEKTOP 9TOTO MPOCTPAHCTBA PACKJIAIBIBAETCS 110 6a3ucy):
d
VZIL,p Xl:Z<X’L7Q_]>Q] (1)
j=1

Omnpepgesienne 1. f;; =< X;,Q); > — daxmopnuie ceca, darmoprvie naepysxu.

Cocrasum marpuny F = {f;; f’:dl,jzl = [F,:...: Fy] € RP*4 — koacbpurnuentsr pasiio-

JKEHHUsI TI0 OPTOHOPMUPOBAHHOMY 6a3KCy, TOTa MOXKEM 3aIicaTh padjoxkenue (1) B marpud-

HOM BIULIE:
d
X=) QFf =QF". 2)
j=1
1Q;|l =1, | Fj|| # 1 B paznokennn (2). Jasaiite Hopmupyem F. Ilycrs 0; = || F}||, P = ”?”,
rorga [|Q;ll = [Pl = 1 n
d
X=> 0,Q;P] =QTP", rze & = diag{oy,...,04}. (3)

j=1
Ymo 3a mampuua QjP]T € R™P % MoxKHO 3aMETUTH, 9TO rank(QjP]T) = 1; neficTBUTEIHHO,
CTOJIOIBI MATPUIIBI IIPOITOPIIMOHAILHBI; TO YK€ CaMoe JIJIsi CTPOK. TakuM obpa3om, y Hac ObLIa
MCXOJIHAS MaTPUIlAa paHTa d, a MBI IPEBPATUIN €€ B CyMMY d SJIEMEHTAPHBIX MATPUI] PAHTa
1.
Iycrs XU = 6;Q; P, rorna X = Y- XU,

j=1
5.2. Bkiyiag HOBBIX NPU3HAKOB

Brenn HOBBI TIpU3HAK, TENEPh XOTEJIOCH Obl TOHATDH, KAKYI0 BaXKHYIO 9acTh UH(pOPMa-
1IN OH B ce0s BKJIIOYaeT. BBeaéM cKajsipHOe IIPOU3BeIeHNEe ABYX MATPHIL, KOTOPOIl COOTBET-

creyer nopma ®pobennyca (||A[|F = 3 af)):
ij

(Y, Z)p = Z YijZij-

i)j
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d d

Ecmm sepro || X2 = || Y X0)|12 < S IXW||2., To 6%aad j-020 npusnaxa (BKIam j-oif
= =1

XD 6

[1X1*

9JIEMEHTAPHON MaTPUI) PABEH

Bameuanue 1. Jaa pazaoocenua (3), || S XD |2 = Y ||IXUD|2 (crarapnoe npouseedenue
j=1 j=1

pasro 0, nomomy wmo Q; L Q;).

Tak kax (); 1 P; HOpMUPOBaHBI, TO MOZKEM IPOJOZKUTH PABEHCTBO:

d d d
IXI2 =1 ) XOU% = Y IXDYE =D of.
j=1 j=1 J=1

Sameuanue 2. [[ycmv cmapvie npusnaku X; 4eHmpuposaHHvie, mo2da Hosble NPUSHAKY L;

u (QQ; Mootce UEHMPUPOBAHHBLE.

Jokxasameavcmeo. HoBble mpusnaku — 3T0 JinHeliHas KomOnHarms ctapbix. CpeiHee uHeii-
HOIl KOMOWHAIINY €CTh JIMHeliHass KOMOMHAINS CPeJIHUX 110 pu3HakaMm. CpeiHue 1Mo Mpu3Ha-

KaM paBHbI 0, TIOJTy4aeM IIeHTPUPOBaHHbIE HOBbIE ITPU3HAKH. O

6. ITapa dakToB U3 JUHEITHOI AJaTreOphI

1. Ynumapras mampuya U — opToronaabHas MaTpuIia B KOMILIEKCHOM ciydae. Ee cBoii-

CTBa:

e U — xBagparnas marpuna: UT = UL,

e Crosbier U opTOHOPMUPOBAHBI.

e Crpoxu U opTonopMupoBabl.”

e Ywmuoxkenue Ha MaTpuily U o3HAYAECT N06OPOM WA OMPANHCEHUE.

e [Ipu ymuoxkenun va marpuity U (1 Ha UT) HE MEHSAIOTCA HOPMbI BEKTOPOB U yTJIbI
MexK Ty BeKTopamu. Ilycth ecth BekTOpa Y, Z, mnocje ymHoxKkeHusi Ha MaTpuity U
nonyaum Y =UY, Z =UZ u |Y|| = Y|, IZ|| = ||1Z|, < Y, Z >=<Y,Z >
(movyemy 9TO 0O3HAYAECT PABEHCTBO YIJIOB MEXKJy BEKTOpaMMu?).

cos¢ sin¢

IIpumep 1. U = — MAMPUUAE NOBOPOMA HA Y204 §.
—sin¢g cos¢

6 Ecm otHomenue paHo 1/2, To 3HAUHT, UTO j-bIit mpu3HaK n3Mepster 50% Beeit mH(OpMAH.

7 2 mynkT sksuBasenten 3. Ilovemy? Ecim Marpuna opToroHabHas, TO U TPAHCIOHHPOBAHHAS K Heil

TOYXKE OPTOrOHAJIbHAs (CJIe/lyeT U3 IIyHKTa 1).



OO6brvHO, yHUTApHAs MaTPUIA CTPOUTCH W3 OPTOHOPMHPOBAHHOIO 0Oa3mca, KOTOPBIi
cocrapisier crosbipl Marpunbl. ([IpoBepbre, 4ro B mpuMepe ¢ HOBOPOTOM Ha ¢ 9TO

TaK.)

2. Ilyers {P;}7_, — cucrema HE3aBUCHMBIX BEKTOPOB, PACCMOTPUM JIMHEHHYIO 0600UKY
L, = span{P,...,P.} s RE I : RE — £, — oproronanbublii ipoekTop Ha L, (oH
COTIOCTABIIAET BEKTOPY OJIMKAMIITYI0 TOUKY U3 IIOIPOCTPAHCTBA, UTO JEIACTCS OITyC-

KaHUeM mepreHnky/asgpa). Marpuna I1:
I1 = P(PTP)~'PT.

Iycrs {P;}_, — opronopMupoBaHHbii 6aszuc L,, T.e.

1 0
P'P=1,,, = e R™".
0 --- 1
Torma I = PPT.
[1aBa 1

CunryJsispHoe pa3JjoxKeHue

(SVD — Singular Value Decomposition)

1.1. Kak cTpouTcs CMHTYJISgPHOE Pa3JI0>KEeHUe

[lycts L — «ncio npusnakos, K — kommdectso upamsuaos, Y = X' € RI*E — geny-
nesas Marpuna. Obosmaanm S = YYT € REXE — cuvmeTpranas HeoTpHIATEILHO OMpe/Ie-

JiénHas matpura. [lo onpeenenuto,
SUz = )\ZU“ rae

{U;}L, — opronopmuposanmblii Ha6op U3 COBCTBEHHBIX BEKTOPOB MaTPUIIL! S,
A > ...> A >0 — cobeTBenHble Ynca MaTpunsl S.!

[Iycrs d = rank Y = colrankY = rowrankY. 3uaem, uro d < min(L, K).

! HeorpuraTeibHble, TAK KAK MATPUIRA S HEOTPUIATEIBHO OIIPeIeIeHA.

14
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IIpensoxenue 1. 1. d =rank YY7.
2. XM >0; N =0npui>d>?
3. {U;}4_, obpasyrom opmonopmuposarmviti 6asuc colspan .

Bseném BekTOp

YTU,
v I e RE =1, d
VA
IMpennoxenue 2. 1. {V;}4, — opmonopmuposanmas cucmema 6eKmopos.

2. V; — cobcmesenmvie eexmopa YTY, coomeememeyowsue mem gice cobCmEeHtbM -
aam N;. Ocmasvnvie cobemeennvie sexmopa Y LY coomsememeyiom Hy.aesvim cobemee-

HYUM HYUCAAM.

d
4. Y =S VNUVE — SVD (Cuneyaapnoe pasaosicenue mampuion).>

=1
Ymo 3decv cuumamov nosumu npusnaxamu, eciu Y = X1? Vi3 tak kak U; € R,

V; € RE.
e U; — OpTOHOPMUPOBAHHBIN Oa3HUC B IIPOCTPAHCTBE CTOJIOIOB.

e V; — OpPTOHOPMHUpPOBaHHBI 6a3UC B IPOCTPAHCTBE CTPOK.

Ai
E?:l Ai

Onpenenenune 2. \/\; — cunzyaaphnoe yucaa mampuuyvt Y, U; — 1e6bie cCunysiapHvle 6ek-

— BKJIaJ] 2-OT0 IPHU3HAKA.

mopa, V; — npaevie cuHzysapHble 6EKMOPA.
Tpotixa (v Ai, Ui, V;) naswieaemes i-ot cobemeennots mpotikot cunzyaiapHo20 padnodice-

HUA.

Sameuanue 3. Cureyasaproe passooicenue — eOUHCMBEHHOE PASNOHCEHUE C O8YMSA OPMO-

HOPMUPOBAHHBLMU OA3UCAMU.

2 YIOpAIOUMIN COOCTBEHHBIE YHCIIA: IIEPBBIE d CTPOrO IOJIOXKHUTEIbHBIE, a OCTAJIbHBIE BCE HYJIH.

3 PazjioxKeHue B CyMMY 3JIEMEHTAPHBIX MATPHIL.

4 CaMplit BayKHBIH IIYHKT YTBEPXKJICHUS.

5 Omn pyHAELE )

6 Moskem X TPaHCIIOHHPOBATD, IIPOJIEJIATH BCE TO JKe CaMoe, a HOMEHSIOTCH MecTaMu Tosbko U; u V.
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1.2. MaTpu4HbIii BUJ CUHTYJISIPHOTO Pa3JI0XKEHUS

MozkHO 3ammcaTh ABYMs CIIOCOOAMMT:
L. Beetem Uy = [Uy = ... : Uy), Vg =[Vi o ... V], Ay = diag(Aq, ..., Ag). Torma

Y = U APV

2. Bosemém U= [Uy :...:Uyg:Usyy ;... : Uyl — opronopmuposannbiii 6azuc B RE.7
VP =[Vi:...:Vy: Vi oo V| — opronopmuposanubiit 6asuc B RE.
A 0O .0
0 0 0
A=10 N\ 0 | € RF*K. Torna®
0 -0
0 0 0

Y = UAY2VT,

1.3. E,ZLI/IHCTBGHHOCTB CHUHTYJIAPHOI'O PAa3JIO2KEHUA

Hacxoavko edurncmeenno pasaoscerue SVD (ono 00no cywecmeyem 0as Mampuyvl uau

nem)? MoKHO TI0JyMaTh, YTO Pa3JIOKeHNe He eIMHCTBEHHOE, TaK KaK

1. CobcTBeHHBIE BEKTOPA HE €IMHCTBEHHBIE, TO eCTh ecyim U; — COOCTBEHHBIN BEKTOP, TO

(—U;) — cobereenublit BekTop,’
d d
D SRR SRR
i=1 i=1

2. Ilycthb ecTb JiBa OJIMHAKOBBIX COOCTBEHHBIX 4dmciIa A = A\ = Ao, U; u U — jiBa op-

TOHOPMHUPOBAHHBIX BEKTOPA, COOTBETCTBYIOMUX COOCTBEHHOMY umcy A. Torma Jobast

"Ugy1,...,Ur COOTBETCTBYIOT HYJIEBOMY COOCTBEHHOMY HHCIY MATDPHUIIHL.

8 U,V — opTOroHajbHbIC MATPHUITHL.
9 B BeIIeCTBEHHOM CiIydae COOCTBEHHEIN BEKTOD OIpEJIe/feTCs eIMHCTBEHHBIM 06Pa30M ¢ TOUHOCTLIO

JI0 KOHCTaHTBI, MOJYJIb KOTOpoii pasen 1 (910 Bcero 1 um -1). Ho cunrysnsipaoe pasioxkenue o6o0ImaeTcs B

KOMIIJIEKCHOM CJIy4dae, a 3/1eCb y2Ke KOHCTaHT, 110 MO/IY/JIIO PaBHbIX 1, MHOT'O.
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Jimneitnas komounanus Uy u Uy OyeT sBIsaThCH TaKKe COOCTBEHHBIM BEKTOPOM U Oy-
JIeT COOTBETCTBOBAThH TOMY »Ke COOCTBEHHOMY YMCIIy, TO ecTh V «, B: a1+ Uy — ¢.B. ¢
c.1. A. Takum obpa3oMm, ec/iin y HaC €CTh JIBa OJIMHAKOBBIX COOCTBEHHBIX YUCJ/IA, TO OHU
HOPOXKIAIOT HOIIIPOCTPAHCTBO pa3MePHOCTH 2, 1 JiIoO0i OPTOHOPMUPOBAHHLIH Ha3uc B

9TOM IIOAIIPOCTPaHCTBE IIOAXO/JUT HaM B Ka49e€CTBE COOCTBEHHOI'O BGKTOpa.lo

HonyqaeM, 9TO € JUHCTBEHHOCTHU B 6yKBaﬂbHOM CMBICJIE HE II0JIy9aeTCHd. HOSTOMy CCbOp-

MYJIUPYEeM HeOOXOJIMMOe HaM YTBEpIKJICHHE.

L
Ipennoxenune 3 (Eauncreennocts SVD). [Tyems L < K. ITIyemv Y = Y ¢; BQT — nexo-
i=1
MOPOE PASAOACEHUE 6 CYMMY IALMENTMAPHOIT MAMPUY, (OUOPMO2OHANBHOE PA3A0IHCENHUE), Ma-
Koe 4mo:
1. ClZ---ZCLZO;'

L L
2. {P;};=, — opmonopmuposarnvie, {Q;}i, — opmonopmuposanvie.

L

Toz0a Y = Y ¢; B;QF — SVD, mo ecmwv ao6oe 6uopmozorasvroe pasaodcenue ¢ Heompuya-
i=1

MENLHUMU KOIPHUUUEHMAMU ABAAECTNCA CUHLYAADHDIM.

3ameuanue 4. B yacmrocmu:

¢ cyg>0,c41=...=cp =0,

c2 = \; — cobemeennvie wucaa YYT,
e P, — cobcmeenmvie sexmopa YYT,

o (); — cobcmeennvie sexmopa Y1Y,

¢ Q=1L i=1,...d(d=rankYY").

10 B y Hac ecThb 1Ba OIMHAKOBBEIX COOCTBEHHBIX UHC/IA, TO MBI MOYXKEM 6paTh JI060il 6a31c, HO CyMMa,

IBYX MaTPUIl IOCTOSIHHA, TO €CTh OHA HE MEHSeTCH OT BhIOOpa Oaswmca.
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1.4. OnTuMaJibHbIe CBOMCTBA CUHTYJIIPHOTO Pa3JI0KEHUSI
O6osnaanm M, C RE*E — ppocTpamcTBo MaTpHIl panra, MEHBIIEro WM PaBHOTO T
IIpensioxkenne 4 (OnruMasibHble CBORCTBA CHHIYIISIPHOTO pasioxkenus ). [Tyemo r < d.

1. (Annpoxcumayus mampuyetd (Low-rank approzimation))

~ d ~ r
min |[Y Y[} = 3 A\ u docmueaemes na Y = - VANIATAS

YeM, i=r+1 =1

2. (Annpokcumayus nodnpocmpancmeom)

IIyemo L, C R — nodnpocmparncmeo pazmeprocmu < r. Tozda

d

K
nginZdistZ(Yi,Er) = Z by
" oi=1

1=r+1
u docmuzaemes na L) = span(Uy, ..., U,).

[ToipoGyeM OTBETUTH Ha BOIPOC — 4O 6bi200HEEC TPAHUMD 6 NAMAMU — GCI0 MATPU-
Uy usu ee cuneyaaproe pazaoscenue? IToObI XpaHUTh MATPUILy JaHHBIX pasmepa L X K|
Tpebyerca xpanuthb LK s1emenToB. UToObI XpaHUTh BEKTOPa CUHIYJIAPHOTO PA3JIOXKEHUS,
tpebyerca d(L + K) snemenros.!! Takum o6paszom, ecjim, K IpuMepy, MaTpuia GJusKa K

kBajipaTHoii (L = K), o ipu L > 2d, BbIrO/IHEE XPAHUTD CHHIYIISIPHOE Pa3JI0zKeHMe.

1 Beero d cunrynspubix Tpoek, U; € RY, V; € RE | a cunrynsphble unciia IpuImchBaeM K OIHOMY H3

BEKTOPOB.



[1aBa 2

Ananus riaBabix komnonenT (AT'K)

(PCA — principal component analysis)

2.1. I'maBHbIle HaITpaBJICHUS

[Iycrs Yy, ..., Yx € RE. Pacemorpum Bektop P : ||P|| = 1. DroT BeKTOp 33/12eT Ha-
npasJienne (MpsAMYyIO, HOAIPOCTPAHCTBO pasMeproctu 1). [Tpoekius Ha laHHOE HAIPABJICHUE
BBINJIA AT creytonum obpasom: (Y;, P)P, a ee jymna pasna |(Y;, P)|. Ilpoeknus usmepsier
TO, HACKOJIBKO 3TO HAIIPABJIEHUE COOTBETCTBYET HAIIUM JaHHBIM. IlocTaBuM 3ajady HaiiTu
HAIPaBJIEHNEe, KOTOPOE JIy4Ille BCEro OIMCHLIBAET HAIy COBOKYIIHOCTH TOYEK. e OGoJblie

Ipoeknu«d, TeM JIydlIle. Baaana:

K
Z:(Y;,P>2 — max.

i=1
BekTop Pj, Ha KOTOPOM JIOCTUTAETCS MAaKCUMYM, 38JIa€T NEPEOE 2A06H0E HANPAEAECHUE.
Jlaee OyaeM mckaThb MaKCUMyM 110 BCEBO3MOXKHBIM BEKTOpaM, OPTOrOHAJbHBIM P u

TaK JaJiee.

ITpennoxxkenue 5. Bepro caedyrouee:

K
1. max Y (Y;, P)?> = \; u docmuzaemcsa na P = Uy,
i=1

K
2. max Y (Yi, P)* = \y u docmueaemca na P = U,

P PLU
K
T. max S{Y;, P)? = X\, u docmuzaemcs na P = U,.
P: PJ_UJ', j:1,...,’l’71 i=1

Ui — 2AG6HbLE HANPABAEHUA.
r

Paznozxkenne Y; no riuasmbiv nanpasiaennss: Y; = » (Y, U;)U;.
i=1
(Y;,U;) — i-a xomnonenma eexmopa Y; (KoabdUIEEHT pasioKeHns BEKTOPa 110 [JIaB-

HBIM HanpasieHnsiM). COCTaBUM 6eKMOp i-T 2AA6HLLL KOMNOHEHM.:

Z; = =Y"U;, = VNV, = XU,

19
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2.2. Anamm3 riaaBHBIX KoMNOHeHT. [locTpoenue

2.2.1. AHaau3 rjiaBHBIX KOMIIOHEHT HAa BbI60pO‘IHOM A3bIKEe

Bepnemcs K cunryngpaoMmy passoxkenuio. MmeeM pasjioxkenue:

d
Y=Y VAUV
=1

Tenepsb nepeiiiéM Ha BHIGOPOUHBIH A3BIK aHA/IM3a TJIABHBIX KOMIOHEHT. [ToMHMM, 9TO
Y = XT € REXK | pne cTosbnbl — MHANBUILI, CTPOKH — HPHU3HAKN, UHIUBHIOB K, a IpH-
snakos L.! B ciydae amanmza riapabix Kommonent Dy = {1,...,L}, Dy = {1,..., K},
pi({i}) = 1 — cunraomas mepa, po({i}) = % — BepoATHOCTHAs Mepa, Ije i — HOMEP
unueuia. OTcioa cielyeT, 9To KBajpat HopMbl || - ||? Bekropa-unusuia uz R pasen cym-
Me KBaJIpaToB ero KOMIIOHEHT Bceryla, a HopMa B KBajpate || - ||3 BexTopa-npusnaka uz R
B aHA/IM3€ IVIABHBIX KOMIIOHEHT CYMTAETCH He KaK CyMMa, a Kak cpejHee apudMeTnieckoe
KBaJPaToOB KOMIIOHEHT BekTopa. lajee, 1 y HOpMbI BEKTOpa 03HAYAET, YTO TaM CyMMa, KBaJl-
paToB, a 2 — 4T0 cpejHee apudmernueckoe. Ecim nHIeKca y HOPMbI HET, TO 3TO O3HAYAET,
YTO PACCMATPUBAETCS BApUAHT 1, T.e., OOBIYHAS €BKJIMI0Ba HOPMA.

HpegnonaraeM, qr0 Y — OeHTPpUPOBaHHadd I1I0 CTPOYKaM, TO €CTb CpeJHeEe 110 IIPU3HaKaM

paBHO 0, 1 TorJla HOJIy4aeM Jpyroe pasJjoKeHue:

2.3. CBasb mexxay SVD u AT'K. O6inee u pazaumuns
HeobxouMo HalTH CBA3b MEXK Ty Xi, ﬁi, XN/Z u \;, U;, V; coorBeTcTBeHHO.3HAEM, 9TO
e U; — OpPTOHOPMHpOBaHHAs CHCTeMa COOCTBEHHBIX BeKTopoB MaTpuipl YY1 = XTX,
° [7} — OPTOHOPMUPOBaHHAA CHCTEMa COOCTBEHHBIX BEKTOPOB MaTPHUIIbI %YYT = %XTX.
Takum obpazom, mosydaeM CJIeLyroIne COOTHOIIEHNS:
o U, =VU;,

® )\Z = KXw

1 BI/I3yaJIbHOZ Y — TOpU30HTAaJIbHAA MaTpUIla, a X — BepTUKaJIbHAI.
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Vi
VK’

o UV, =

e Tak kak koaddurment (Beca) 1/K He Binsger Ha PABEHCTBO HYJIO CKAJISIPHOTO [TPOM3-

BeJIeHNs], TO yCJIOBE OPTOIOHAJIBHOCTH BEKTOPOB V; TO XKe caMoe.

Tak:ke 3aMeTnM , 4TO

!YH
|| 12 szu - F

PaCCMOTpI/IM Telepb OTJIMYUA CUHIYJIAPHOI'O PA3JIOZKEHNA OT aHaJIn3a I'NIaBHBIX KOMIIO-

HEHT.

1. Cronbupl B Marpuiie Y HEPABHOIPABHBI, TO ecTh SVD MOTHOCTHIO CUMMETPUYHO, a

AT'K mer. B wacTHOCTH, 9TO M3-38 PA3HBIX HOPM B IIPOCTPAHCTBE IMPU3HAKOB.
2. B AT'K upeamosaraercsi, 910 MpU3HAKN [EHTPUPOBAHDI, & WHIUBUJIbI HET.

3. B AT'K pekomenioBana HOpMUPOBKa ITPU3HAKOB.

Kozda nopmupyem npusnaxu? Korma npu3naky u3MepeHbl B Pa3HBIX MIKaJax.?
e Hopmupyem npusHaku, eciu eCcTh, HAIIPUMED, JaHHBIE B CAHTUMETPAX M MeTpax.

e He nopMupyeM npusHaky, ecid eCTh, HAIpUMep, OalIbl 3a 3aJa9d ¥ XOTUM, YTOOLI
rJIaBHAs KOMIIOHEHTa OTpazKaJla yPOBeHb 110 pe3y/IbTaTaM 3a4ad. 11ycTh ecTh CI0XKHDIe
(or 0 10 10) u mpocteie (ot 0 10 5) 3amaqu. flcHo, aro momyanTs 2.5 6asLia 3a MPOCTYIO
3aa9y 1 5 6AJLIOB 3a CJIOKHYIO — 9TO Pa3HbIE BEIIN, HO €CJIM Mbl HODMUAPYEM JaHHbIE,

TO MbI CpaBHAEM 3THU JIBE€ BEIIIU.

2.4. Yemy AT'K cooTBeTCTByeT Ha CTATUCTUIECKOM sA3bIKEe?

[Tepeitném k X € R™P (L — p — KOJIMYeCTBO MHAMBUJIOB, K — n — ducyio npusHa-

koB). ITycth crosbipl X (pu3HaKu) NEHTPUPOBAHDBL. Bepém npusnak, Kaxyo HOPMY HYHCHO

2 Ecim aTo-TO m3MepeHo B mKaJe oT 0 10 1, a aro-To ot 0 1o 100, To pesyisrar AI'K GymeT HemnTe-
pecubiM. Bceermia mepBoe riiaBaOe HampasiieHne Oy/IeT HepeTAruBaThCA TeM IPU3HAKOM, KOTOPbIE IPUHUMAET

3HAYEHUsI C CYIIECTBEHHO OOJIBIINM Pa3dbpoCOM.
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pacemampueamy? BepoarHocTHyIo HOpMY. dmo osnauaem xapaxmepucmuka || X;||3 na cma-

MUCTNUYECKOM A3BIKE Y

n

1 —
1X:]3 = = Z ((Xy); — XZ-)2 = s*(X;) — BBIGOpOUHAs MucTepcns X;.
n
Ymo oznaqaem nopma mampuw, dannox || X3 5 na cmamucmuyeckom azvike? Ncmonssyem

BEPXHIOIO CTPOYKY U IPEJIIoJIaracM, YTo X IeHTPUPOBAHBI.

P

P
X2, = E 1 X513 = E s*(X;) — total variance.
i=1 =1
d T
[Tocunraem HOpMY BeKTOpa IVIaBHBIX KoMmmoHeHT (cumraem, uro ATK: Y = Y /NUV'):
i=1
Z; = XU; = V\;V;, tie Z; — BeKTOp HpOeKInii WHIUBUIOB Ha (-0 HallpaBJIieHue U i =
1...,n.

Buaem, uro || Z;||3 = s*(Z;). Yuursisas, uto V; HOpDMUPOBaHbI, TO
1Z:115 = s*(Z) = IXUs 13 = IV AVills = A

Pazjioxkenne mMoxkeM 3aImcarh CJASIYIONIM 00pa30M:
d d d
T T _ T _ T
Xt = E VAUV = E FV' = E U.z;,
i=1 i=1 i=1

rie F; = v/ \U; — BeKTOD i-X (haKTOPHBIX BECOB (HAIPY30K), Z; = v/ \;V; — BEKTOD IVIaBHBIX

KOMIIOHEHT.

2.5. Bkiaa riraBHBIX KOMIIOHEHT

Boraucnm nopmy Y = XT.

d

4 d d
IXTIF. =D s*(X0) = D IWVANUVDTIE =D N =) s*(Z).
i=1 1 i=1

i= i=1
[Tomyuansocs, uro total variance He MeHsieTcst IpU Tlepexojie K HOBBIM IIpU3HaKaM (Ipu

[IOBOPOTE HOPMa BEKTOPOB HE MEHSIETCs ).
A 3

PP
=1

s2(X;) — undopmMaTUBHOCTD i-0r0 NpusHaKa, s2(Z;) — uHMOPMATUBHOCTH -0if TJIaB-

— 6KAa0 j-0T 2406HOT KOMNOHEHMDBL 68 00UWYI0 JUCIEPCUIO.

HOII KOMIIOHEHTHI. TakuM oOpa3om, dem 0oJibiiie pa3zdpoc, TeM OOJIbIIe 9Ta XapaKTepUCTUKA

3 B uncimrene — Jucrepcns HOBOTO IIPU3HAKA, B 3HAMEHATENe — OOIIAs JIUCIIePCHSL.
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undopmarusna. [lepBas ryiaBHas KOMIIOHEHTA UMEET HAUOOJIBIITYIO HOPMY, IIO9TOMY 3Ta KOM-
MOHEHTa caMasg UHPOPMATUBHAI.

Hanomunwm, uro Z; = XU;, To ecTb Z; — nuHefinas komounanus X ; ¢ Koapdunuentamu,
B3aTbiMu U3 U;. Takum obpaszoM, 24a6HbE KOMNOHEHMD, — ITO OPTOTOHAIBHBIE MEXKIY CO-

Ooil JInHETHbIe KOMOMHAIIMY UCXO/IHBIX IPU3HAKOB, 00J18/IAI0IIHIe CBOWCTBOM ONTUMAJILHOCTH.

Bosmoorcrovt 6aAPUGHIMDBL,

1. Marpuna X — nenrpuposana. Torga U; — 3T0 cOOCTBEHHBIE BEKTOPBI MATPHUIIHI %YYT =

%XTX (BBIOOpOYHAST KOBAPUAIIMOHHAS MATPHIIA).

2. Marpumna X — 1ienTpupoBana u HopMupoBana. Torjga U; — cobcTBeHHbIE BEKTOPHI MaT-

purpr 1YY = LXTX (iGopounas koppessumonnas MaTpuna).

2.6. AI'K c Touku 3peHmns nmocTpoeHus 6a3mca B IIPOCTPAHCTBE

MHIANBUAOB 1 B IIPOCTPaHCTBE IIPU3HAKOB

AHau3 rIaBHBIX KOMIIOHEHT Ha BBIOOPOYHOM si3bike: X € R™*P U; € RP, V; € R".
d d d
B DIGTEGED WALES o
i=1 i=1 i=1

F; = vV \;U; — BekTOp i-X HaKTOPHBIX BECOB (HAIPY30K ),

Z; = \/\;V; — BEKTOD TJIaBHBIX KOMIIOHEHT.

d
L. XT =S FVT e {V;}{, — oproHopMuposanubIii 6a31UC B IPOCTPAHCTBE IIPU3HAKOB.
i=1

Iycrs F = {fi; ]i?7:dl,j:1 =[F ..., Fy. Torna

Cov(X;,V;), ecrm AT'K mo xoBapuar. matp.
fij = (Xi, Vi)2 =
o5t KOO, i-0r0 MpHAHAKA p(Xi, V;) = p(Xi, Z;), ecnim AT'K 1o xoppessiit. Matp.

B 6a3uce HOBBIX IIPU3HAKOB

d
2. XT =S U,ZF, rae {U;}L., — oproHOpMUpPOBaHHbIH 6a31C B TPOCTPAHCTEE HHIUBHIOB.
i=1
7d .
Myers Z = {2z} jo1 = [Z1 ¢+ .., Zg). Torma

Zij = (xi, Ui

J-51 KOOP[I. 4-Or0 MHIWBUIA
B HOBOM Oaswuce
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TaK KaK MHIUBHW/IbI HE HEHTPUPOBaHbI 1 HE HOPDMUPOBaHbI, 9TO PaBEHCTBO IIPO/JOJI2KUTDL
110 aHaJIOTUM C IIPpEeAbIAYIITNM IITYHKTOM HE MOXKEM. HO MOZKEM BBIIIKMCAaTh CJICAYIoliee.
[lycts a(x;, U;) — yroan mexay x; u U;. Torma

_ XU (% Ujn
Ix:lllIU51 Il

cos(a(x;, Uj))

DTH JBa IMYHKTA [IOMOTAIOT OTBETHTH Ha BOIIPOC — KAk GblAGUMb UHOUBUOOE, KOMOPHLE MAOLTO
ONUCHIBAIOMCSA NAOCKOCTIDIO NEPEHLT 0GYLT KOMNOHEHM?

YTo6BI mocYUTATH, KAK XOPOLIO MHIMBHJL OIMCHLIBAETCS ILJIOCKOCTHIO, HAJIO ITOCIYUTATD
KOCHHYC yTJIa MEXK/LY TJIOCKOCTBIO U MHIUBUIOM. OUeBUHO, YTO WHINBUIBI, TIEPIEH IUKYIIAD-
HbBIE ILJIOCKOCTH, TIJIOXO OIIMCHIBAIOTCS 3TOH IJI0CKOCThIO. Ecyin ecTh oproronabHblii 6a3uc, To
BepHO ciiejtyiomiee: cos®(yriia MezK/y BEKTOPOM U MPOEKIHeil Ha IJI0CKOCTD)=cos? (yI/Ia Mexk-
JIy BEKTOPOM U 1-bIM 3jieMeHTOM Gaszuca)+ cos?(yriia MexK/ly BeKTOPOM M 2-BIM 3JIeMEeHTOM
bazmca).

[Iycts x; € R? — wajausuya. Torjga KocuHyc yriia MeXKJIy HUM U IIJIOCKOCTBIO IEPBBIX

JABYX I'NIaBHBIX KOMIIOHEHT:

2 25
2 <Xi7U1>2 <Xi7U2>2 Zh 2
cos oo ) = T el T,

2
4, 4 '
>, Zij > Zij
j:l j:l
MpbI noJstyaniu, 9To, CKJIaJIbiBas KBaApaThl HOPMUPOBAHHBIX CTPOK Z, Mbl MOXKEM IOJIyYaTh
KBa/IpaThl KOCUHYCOB yIJIOB MEXK/Iy WHJIMBUIAMU U ILJIOCKOCTBIO.
Bepremcs x npusnakaMm. IlycTs npusHaky cTaHIapTH30BaHBI. AHAJIOITIHO MOYKEM IIO-
JIVIUTD, 9TO
2 2 2
COS (a(Xj7 Span(‘/la VYQ))) = fjl + fj2‘
Ecnu Bce mentpupoBaHO, TO KOCHHYC MOYKHO Ha3BaTh Koppessnuein (GopMmysbl st
KOCHHYCa U KO duimenTa Koppesiiuu coBiaayT). Torga moaydumM, 9To MHOXKECTBEHHbIIH

KO3 PUITUEHT KOPPEIAIUN PABEH CyMMe KBaJIpATOB OOBIYHBIX KOPPEJIAINii, TO €CTh
R2(Xj; Vi, V2> = :02<XJ'7 Vl) + p2(Xj> V2)7

TaK KakK KBaJIpaT MHOXKECTBEHHOTO KO3(pUImenTa KOPpPeJdlini MKy BEKTOPOM-ITPU3HA-
KOM 1 HabOPOM BEKTOPOB-TIPU3HAKOB — 9TO KOCUHYC yTJla MEXKJY IIeHTPUPOBAHHBIM BEKTO-
POM-IIPU3HAKOM U TIOJIIIPOCTPAHCTBOM, HATSHYTHIM HA BEKTOpPa-IIpU3HaKu u3 Habopa. urep-
npeTanus MHOXKECTBEHHOT'0 KO3 PUITMEHTA KOPPEIAINN — MePa 3aBUCUMOCTH MEXKJTY OJTHUM

MPU3HAKOM 1 HaOOPOM ITPU3HAKOB.
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Bameuanue 5. U= [U;:...:Uy], F=[F:...: Fy

p
1oyl = U] =1

i
i=1
d

2. Y uz =1 (max xax U — moowce opmozonanvnas mampuya,)
j=1

p
J. ; i = IEI1* =X

d d s%(X;), ecau AT'K no xosapuay. mamp.

4030 =2 (X Vs = 1K1 =
=1 =1 1, ecau AI'K no xoppeasy. mamp.

Ckansiproe npoussejierne (X;, V1)3 XxapakrepusyeT T0, HACKOJILKO 1-blil HOBBIi IpU3HAK
ommceiBaeT ucxoaublit. Ecom pacemorpers (X;, V)3 + (X, V3)3, T0 9T0 TO, HACKOIBKO MEPBBIX

JdBa HOBBLIX IIPpHU3HaKa OIIMCLIBaIOT CTaprfI.

2.7. Nurepruperanus riIaBHbIX KoOMOoOHeHT. CMbBICJI epBOii TJIaBHOI

KOMIIOHEHTBI B CJ/Iy4dae€ IIOJIO2KUTEJIbHbIX KOBapI/IaHI/Iﬁ

Teopema 1 (Ileppona-@pobennyca). [Tycmv A — cummempuuran, HEOMPUYAMEALHO ONPE-
DENEHHAA MAMPUUA, €€ IACMEHMDBL NOAOHCUTEAbHDL. 10200 6CE KOMNOHEHMDL €€ NEPBO20 COO-

cmeennozo sexmopa Uy 6ydym odnozo 3naka.

Takum 06pazoM, ecau 6ce KOppeasuuy (Ko8apuauul) nosoHcumesbisl, mo 6ce KoMno-
newmor Uy 00M020 3naka. DTO ONMpPeIeISIeT CMBICI MIEPBOil TIaBHON KOMIIOHEHTHI (B CJIydae
HOJIOKUTETbHBIX KoBapuanuii). Tora mepsast riiaBHas KOMIIOHEHTA, sIBJISIETCS JINHEHHON KOM-
OuHAIel cTapblX MPU3HAKOB ¢ KO DUIMeHTaMu OJIMHAKOBOTO 3HAKa. DTO MOXKHO ITPOUH-
TEPIPETUPOBATH KaK HEKWil O0IIuil ypOBeHb 1ero-mbo (Harnpumep, obIuil ypoBeHb Y IEHUKA,
ecJIM MPU3HAKK — OIeHKN B mKkose). OT Toro, Kakoil 3HaK, MOJOXKHUTEIbHbIH WM OTPHUIa-
TEJIbHBIA, 3aBUCUT TO, C KAKOH CTOPOHBI IO OCH IIEPBOI INIABHONW KOMIIOHEHTBHI HAXOJIATCA B
cpejineM OOJIBIITNE 3HAYEHUsT MCXOIHBIX IIPU3HAKOB, & C KAKOil - MEeHbIIIE.

OcranbHbIe TJIaBHBIE KOMIIOHEHTBI MOYKHO TaK»Ke MHTEPIIPETUPOBATH MCXOIs U3 KOI(D-

bumIenTOB mepe cTapbIMI TpH3HakaMm.t

4 HanmomuuM, uTo K03bdUIIeHTAME JTHHEHHON KOMOMHAIINY SB/IAIOTCA SJEMEHTHI BeKTOpoB U .
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2.8. Bp16op 4uuncsa riIaBHBIX KOMIOHEHT

HpI/IBG,H,eM HEKOTOpPbIE€ BapHuaHTbI BbI60pa YUCJla I'NIaBHBIX KOMIIOHCHT.

1. Bagaercs nporenT P u 6epercss T KOMIIOHEHT:

= > pY%,

TO €cTh 4TOOBI KOMIIOHEHTBI Hecu B cebe He Menee PY% umndopmarmm.

2. Ilpasuo Kaiizepa. Boiouparorcs riaBHble KOMIIOHEHTBI, HH(OPMATUBHOCTH KOTOPHIX
boJiblle cpeaHeil nHOOPMATUBHOCTH:
, d
25t (Xi) XA
‘ i=1

1 N> — =
p p

Ecmm ATK 1o Koppesdiuonnoit matpurie, 1o 1 @ A; > 1.

3. IlpaBuno ciomannoit Tpoctu. Ilycrs p; = d)"' . Hucna p; aenar orpesok [0, 1] wa
20 A

i=1
HepasHBle dacTu. [lomygaem paszbuenmne 0 < py < pg < ... < pg—1 < 1. Beioupaercsa

KOMIIOHEHTA, JIJINHA KOTOPOi OOJIbINEe CpeJIHeH JJIMHBI KYyCOUYKa CJIYIaiiHO CIOMAHHOM

TPOCTH.

4. IlpaBuyio kamenucrtoit oceiu. CtponM rpaduk yHOPsIOUYEHHBIX 110 yObIBAHUIO COO-
crBeHHBIX [nces (scree plot). C Kakoro-tTo MOMeHTa COOCTBEHHbBIE UHCJIA HATHHAIOT
MeJ[JIEHHO MeHAThCA. BepeM KOMIOHEHTBI JI0 9TOI'0 MOMEHTA, TO €CTh ITOKa COOCTBEH-

HbI€ 9UCJIa CYHIECTBEHHO OTJINYaloTCd APyl OT Apyra.

94 Scree plot

Eigenvalue

2 4 L] & 10
Number of PCs.

Puc. 2.1. Scree plot



5. NareprpernpyemM CTOIBKO KOMIIOHEHT, CKOJIBKO MOXKEM.

2.9. Onrumuzarusga B AT'K B TepMrHaxX KoBapuallmOHHBIX MAaTPHI]

HamomunyM, uto Y = X', rne X — Marpuna JTaHHbIX.

Ipeanoxenue 6. 3adava |[Y — Y| —  min  sxeusarenmna sadave |YYT — YYT| —
Y: rank Y<r

_ IIliIl~ . Pewenue smot sadavu Y* cmpoumcsa Kaxk CYmma cobCMBEHHIT mpoekx, coomeems-
Y: rank Y<r
CMBYrnwWuxr nNepeuvim 1 2A406HUM KOMNOHEHMAM.

Eciu marpuna nentpuposana, o 3agada ||[YY!T — YYT|| - min  sksusanentua
Y: rank Y<r
CJICYIOIIEHA 3ajia49e:

IS—S|| = min |
S: rank S<r

rae S — KOBapHallUOHHad MaTpUlla JdJId HallluX JaHHBIX, a S — Kakag-To KOBapHualluOHHaA

MaTpura (CuMMeTpHUIHAs, HEOTPHUIIATEILHO ONpe/Ie/IeHHAasT ).

[1aBa 3

DaKTOPHBI aHAJIN3

(EFA — exploratory factor analysis)

3.1. Moaenb B (pakTOpHOM aHAJIU3E

['maBHOE oTIMYne (haKTOPHOTO aHAJIN3a OT aHAJIN3a IVIABHBIX KOMIIOHEHT — 3TO HaJIMINe
MoJie/id B (paKTOPHOM aHaJIu3e.

[ycrs € = (&,...,8)T € R?, n = (my1,...,n.)" € R, r < p. lpeanonaraem, 4to
E¢ =0, En; = 0, Dn; = 1, n; u n; nexkoppesmposansl. Ilycrs F, = [Fy ... : F,] € RP*".
(ITomHuTE — y HAC €CTh P CTAPBIX [IPU3HAKOB M MbI CTPOUM HOBbIX. HOBBIE 7' MPU3HAKOB
Oy/yT B KAKOM-TO CMBICJI€ CAMBIMHU JIYIIITHMU. )

Urak, modeav 6 daxmoprom anaruze: € = F,.m + €, e KoBapualmoHHas MaTpPHIA
Cove = diag(o?,... ,012)) JMaroHaJibHasi, 1) U € HeKoppeaupoBaHbl. CiydailHOMY BEKTOPY
& CcoOTBETCTBYeT MATpHIa JaHHBIX X | (IIPU3HAKM, KOTOpble MbI Hab/IIOIaeM), a 1) COOT-

sercTByeT VI (CKpBITbIe IPU3HAKH, KOTOPbIE Mbl He HabJojaeM). [lojiydaeM cooTHoOIIeHHe

27
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X = V,F, + E. [lepes namu crour 3ajjaua BbISBUTH 9TU CKPBIThIe NpU3HAKU (3aja4a (ak-
TOPHOI'O aHAJIN3a).

Moenb MOXKHO IlepenucaTh B CJIeIYIOIIEM BUJIE:
> = Cov(¢) = Cov(F,n) + Cov(e) = F,FF + U,

rie U = diag(o?,...,02), rankF,FT < r. Torya Jannble — 3T0 BLIGOPOYHAs KOBapUAIIMOH-

p

nag mMarpuna. [lycrs f;; = p(&;,n;), Torga Marpuiia BEIIVISIAT CJIELYIOMIM 00pa3oM:

m Ce Ny
G| fuooo S
gp fpl cee fpr

Momenb:
& :f11771+...—i—fum—i-...—i-fh«??r-i-(€1+0€2+...+0€p)

Co=fam+...4 fami+ ...+ fon + (01 + 2+ ...+ 0gp)

fp:fplnl+---+fpi77i+---+fpr77r+<O€1+052+"'+€p)

Mpu1 nipejinosiaraeM, 9To B KaxKJI0W CTPOYKE TEPET £; TOJBKO OJIMH U3 KOIMDDUINEHTOB

He paBeH HyJIIo, a CPeJH f;; XOTd OBl JBa He PaBHBI HYIIIO.

3.2. O6mHOCTN M YHUKAJIbHOCTHI

B sTOoM myHKTE BBEJIEM MOHATHE OOIIHOCTA U YHUKAJIHLHOCTU IIPU3HAKOB.
O6oznaunm & = F,n, Torna & = & + €. To ectb & — 910 Ta 4acThb JAHHBIX, KOTOPast

onuceiBaercst gakropamu. [Ipeanonaraem, uro DE; = 1, De; = o, Torga DE! = DE; — De; =

2

1—o0;.
! / ! !

Mozkno zamerutnb, ato Cov(§;, §;) = Cov(&; +e;, &) +¢;) = Cov(E], &), Tak Kax ocTasb-

HBIE C/TaraeMble OOHYJIAIOTCs U3-3a HekoppesmposannocTy. [lomyaaem, uro Cov(E], &) = pij-

TakzKe u3BecTHO, 4To Kobapuanmonnag mMarpuna & pasua Cov(¢’) = F,Cov(n)Fr = F,Fr.
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Torna
1-— O'% . plp
F,FI = Cov(¢') =
Pp1 R 0'1%
Mpb1 mostyauiu, 9To
1=D&=Dg+Dei= (1-07) + o
A,_l/ ~—
commonality, uniquence,

OOIIHOCTD NpU3HaKa  YHHUKAJIBHOCTH

Bameuyanue 6. O6uwHOCMb ABAACNCA MHOHCECMEEHHDBIM KOIPHUUUEHMOM KOPPEAAUUN:

r

DE; = (FT]F;'T)M - 1'21 + f122 +...+ f22r = Zfzzj = Z(p(§Z77]J))2 - R2(§i|7]1’ ce 7777")7
N~~~ =1

obwHoCcmb j=1

m.Kx. 1; u1; HEKOPPEAUPOBAHDL.

Taxkum o6pa30M, O6HLHOCTI3 — 9TO TO, YTO OIIUCBbIBa€TCA (baKTOpaMI/I, a YHUKaJIbHOCTD

MpU3HAKa — TO, YTO HE OIMCHIBAETCH (DAKTOPAMHU.

3.3. KoppeKTHOCTh IIOCTaBJIEHHOI 3a1a4n

Tenepsb mocMoTpuM, KOPPEKTHO JIM MTOCTaB/IeHa 3a/a9a’

Bo-niepBbix, nannomuuM, uro B Marpuiie [ He MoXKeT ObITH TAKOTO CTOJIONA, IJIe TOJTBKO
OJINH 3JIEMEHT He paBeH HYJI0, TO €CTb 3TO (PaKTOPBI, COOTBETCTBYIOIINE XOTS OBI JIBYM
npuszHakaMm. Cirydaiinble BEJTMYUHBI U3 BEKTOPA € B KAKOM-TO CMBIC/IE TOXKe (DAKTOPbI, HO
KaK/IbIIl U3 HIUX COOTBETCTBYET TOJBKO OJHOMY Ipu3HaKy. PaKkTOpPHBIN aHAJIN3 UINET O0IIne
daKkTOpHI.

Ornpeenum F, = F, W, rne W € R™" — oproronaJibHas MaTpuiia. lorma
F,F" = F,WW'F' = F,FT,

TO €CTh pellleHne He eIMHCTBEHHO, U JiIo0oe Bpalienue — Toxke pemnienue. Heobxomumo n06a-

r(r—1)
BUTb OFPaHMYCHUsA, YTOObI KaK-TO 3aduxcupoparh pemenne. Marpuna W comepskut ———
apaMeTpoB (U3BECTHBIN (haKT — OPTOrOHAJBHYIO MATPUILY PA3MEPHOCTH " X T MOYKHO 33/1aTh
TAKMM KOJIMIeCcTBOM mapamerpoB). CiienoBaTesbHO, JJIst OTHO3ZHATHOCTU MOJIEIN HEOOXO/H-

MO J1I00ABUTH CTOJIBKO K€ Or'paHuvueHuil, 9To0bl yOpaTh CBOOOIY.
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ITpumep 2. [lycmov S — 6v160pouHAA KOBAPUAUUOHHAA MATNPUUG.

r(r—1) o
3 o2paruU"eHUU

Tozda oepanuuenue: FYSF, — duazonarvras mampuuya r x r. Tym
(U3-3a CUMMEMPUYHOCTNU YUCAO 02PAHUNMEHUT DABHO YUCAY HYALT N00 QUAZOHAABIO MAMPU-

uwL).

_ T
Teneps nocunTaem 4ncso mapamerpos B Mogeaun - = F,F. + W. Tyr

r(r—1)
pro+ p - -
nna Fr ga W —

BbIYUTaEeM YHCJIO OFpaHH‘{eHI/Iﬁ

napaMeTpoB C YyY4€TOM OI'PDAHUYCHUN.

1
Moyiesib 3a1aeTcs % paBencrBamu. Torma Hy»KHO TpeOOBATD, YTOOBI YUC/IO TTapaMeT-

POB He MIPEBOCXO/INJIO YHUCJIO ypaBHEHUM, TO €CTh

rir=1) _plp+1)
2~ 2

pr+p—

Ecsau zanucarn sTo HEPaBEHCTBO B JIPyroM BUJIE, TO IIOJIYIUM

(p—r)QZ—(pH") <.

3.4. 3ama4da oIeHMBAaHUA MapaMeTPOB

Tenepb MoxkeM 1epeiiTu K 3ajia4e OleHnBaHug mapamMeTpoB. MoxKHO OIeHMBATH HECKOJTh-

KMMMA METOJaMH.

3.4.1. Merox nanmenbmux kBagparos (OLS)

[Tycrs S = {s4}; ;-1 — BHIOOPOUHAST KOBAPHAIMOHHASA MATPHIIA.
<5 '
Pemaem 3amaqy ||S —S||3 —  min | 9T0 SKBUBAJEHTHO 3a/1ae
§: S=F,Fr+¥

p

~ 2 .
E (8i —8ij)" — _ _min
= S: 8=F,FT+¥

Aaropurm MINRES (OLS 151 KoBapUAIMOHHO MaTPHIIbI):

1. PaCCManI/IBaeM HE BCIO MaTpHUILy, a €€ 9aCTb, U pe€lllacM CJIEJTYIOILYIO 3&,&&‘1}721

> (sij—5;)° = _ min
—————

. S_F.FT
i S: S=F,FT

! Marpumy ¥ y6pasu, T.K. OHa JMATOHAJIBHA, & MBI CyMMUPYeM II0 BCeM 4 # j.

residuals
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2. Haxomum I@‘T.

o2 1
3.1 1 | = : — ([naronams F,FT)
ag 1
——

Huaronans S
3.4.2. B3Bemiennsblit meros HauMeHbInx kBaaparos (WLS)

Permmaercsa 3a1aga
P

3.2
3~ (5 —5) .
j/\2/\2j — _ _mmn
im1 79 S: S=F,FF+v

[Tosryaem, 910 €M MEHbBINE YHUKAJILHOCTH, T€M OOJIBIIIE BEC CJIaraeMoro.

3.4.3. Merox makcumasnbHoro npasgononobus (MLE)

BreimucbiBaeTcsd paciipejiesieHre KOBAPUAITMOHHON MaTPHITHI JIAHHBIX B MOJEIN (hpaKkTOp-
HOT'O aHaJM3a M HAXOJIATCS OIEHKU IapaMeTpoB ee MakcuMm3arueil. Pesyiabrar mpumepHo

Takoit xe, kKak B WLS.

3.5. Pazauna mexxay AI'K u dpakTopHBIM aHaIN30M

[lepBoe ormumne Mexk 1y (HaKTOPHBIM AHAJIM30M M AHAJIU30M IVIABHBIX KOMIIOHEHT 3a-
KJIIOYAETCs B HAJIMIUN MOJIe/ I B (PaKTOPHOM aHaJIu3e.
Bropoe ornmuane cocrout B ToMm, uro y AI'K n dakropHoro anamsa pasHble ONTUMU-

3aIMOHHBIE 331249, 3a/iada (paKTOPHOro aHaJIn3a:
~ 2 .
> (sij—55) = min_,
vy S: S=F,F1
F;[‘e N[I/IHI/IMI/IBI/IpyeTCﬂ CyMl\Aa II0 BCEM SﬂeMeHTaM, KpOMe ILHaFOHaJIbeIX, S - CI/IMI\/[eTIDI/ILIHaf[7

HEOTPHUIIATEIbHO Olpe/ie/ieHHass MaTPUIla PaHTra, He TTPEBOCXOJISIIETO 7.

Baﬂaqa B aHaJIn3e€ IrJIaBHbIX KOMIIOHEHT:

Z(Sij — gij)Q - min ,

7 S: §=F,FT

MHHUMH3UPYETCA CYMMa 110 BCEM IJIEMECHTAM, S — CUMMETPpHUYIHad, HEOTPpUIIaTEC/JIbHO OIIPpEIe-

JICHHas MaTPUIla paHTa, He TPEBOCXOLAIIETO T
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Takum obpazom, 11e/1b (HhaKTOPHOIO aHAIN3a — KaK MOXKHO JIYHUIIe BOCIIPOU3BECTU KO-
Bapuanuu. B aHa/jm3e T/IaBHBIX KOMIIOHEHT CTOUT AIMIPOKCHMU3aIimonHas 3agada, n AI'K
He perraeT MMEHHO 3aja1y (paKTOPHOIO aHAJII3a, XOTs BCe PABHO MCIIOIL3YeTCs /I TIOUCKA,

¢daKkTOPOB HaA MPAKTHUKE.

3.6. ITpoBepka runore3

3.6.1. IIpoBepka 3HAYMMOCTH MOIEJI

Paccmorpum runoresy Hy @ X = ]FTIFE + W o ToM, UTO X JIEHCTBUTEJILHO MMEeT TaKO
Bu. CTaTucTUKa KPUTEPUS

To, 4uro oxkuaem

_pdr=sy  EE A )= (pt)
6 ST S| 2
~—

To, uro ectb

t=(n-1

)

(B HOpMAJIBHOI MOJEN).
U neanbhoe 3uadenue paguo 0 (orapudm Gy1eT paBeH HYIIO, €C/IU JIAHHbIE WIEaJIbHO

COOTBETCTBYIOT I'MIIOTE3€, KPUTUYIECKaA 006J1aCTh cnpaBa).

3.6.2. Tect chepuunoctu Bapriaerra

g nagaJia, HeOOGXOMMO TIPOBEPUTD, €CTh JIM BOOOIIE CTPYKTypa. ['unoreza o ToMm, 4TO
obmieit ctpykTypsr mer: Hy : X =1, (eaunnumas marpura).
Tect chepuanoctu Bapriierra: crarucruka Kpurepust

2p—5

=) tog sl ~ (P

t=(n—1-
(n 5

(B HOpMAJILHOI MOJEN).
st BBIOOpaA TTOpsijiKa MOJIEIN MOYKHO NMPUMeHsTh mHMopMarmonabie Kpurepun AlC,
BIC (B HOpMaJIBHOI MOJIEJIN) — MOJAXO0J, €O MTPad oM 3a 4ucao napaMerpos. MozKHO TpOMO-

JAeJIMpoBaTh, IOCYUTATh BKJIQ/IbI (HGCKOJ'H)KO pa3) n CTPOUTDH ,ZLOBQpHTGJ'[beIfI narepBaJl.
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3.7. OpToronajibHble BpallleHUsd

Nmeem F, = {fi;} = {p(&,n;)}. Mbl nunrepnperupyem npusnaku B GaKTOPHOM aHaJIl-
3e, CMOTDsI Ha 9JIeMEHTHI f;; (KaK HCXOJHbIe IPU3HAKU BhIpaxKkaroTcst depes dakropsr). Ham
X0TesI0ch Obl, 4T0OBI MaTpuia [F, nMmesna mpocTyio cTpyKTypy (To ecTh 4TOOBI B Heil GbLIO

MHOTO HYJI€iH).

Bamerum, uro ecjiu F, — pemenue, To spaienue F, = F, W — roxe perienne (TobK0
Oy/IyT JIpyrue KOppeJIsiiiny Me¥K Iy UCXO/IHBIMU ITPU3HAKAME U (paKTOpaMu, TaK KaK MEHSIETCs
F,. Marpuria W oproronaJsbHa.

Ha Bui60opouHOM si3biKe: X' — Ta 4acTh UCXOMHBIX JAHHBIX, KOTOpas ONUChIBaeTcs (hak-
topamu (coorsercrsyer & = F,n).

X = VF' = VW W'FT,
~—
Y N~
v F,

V — nosbie daxTopsnl, F, — HOBbBIE (haKTOPHBIE HATPY3KH. XOTEJIOCH Obl HAWTU Takyilo W,

4TOOBI MHTEPIIPETAIs OblLjIa KAK MOXKHO IIPOIIIE.

ITpumep 3. ITycmov y Hac Kaxue-mo NpuaHaKy 0MEEeUaOM 36 3HAHUE MAMEMATUKY, ¢ OPY-

2ue 3a 3SHaHue ¢U3U7€U.

f‘“}f sics

Puc. 3.1. Bpamenne B haxTopHOM aHAJII3E

Mo mootcem noseprymov darrvie mak, 4mo y Hac 00Ha 0Cb COBNAJEM, K NPuMepy, ¢

NPUHAKOM Mo, 6 OpY2aa ¢ npudnaxom pi. Tozda unmepnpemuposams cmanem npouie.

Meton Bpamienuii Varimax: XoTuM OJIYy9IUTH 00Ji€e MOHSTHYIO HHTEPIIPETAINIO,
JII 9TOTO HAM OY/IEeT yI00HO, €CJIU B KaXKJIOM CTOJI01e MaTpHIlbI ). ObLIO KaK MOXKHO OOJIbIIIE

HyJIeit. 3a/1a4a BBITJIAIAT CJACTYIONUM 00pa30M:

T

2

j=1

p

SPGB max

— W: F,=F,W

D
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2

IJle MBI DAcCMaTpuBaeM fi, Tak Kak fij MOTYT OBITb OTPHIATEIbHBI, M CYUTaeM pasbpoc

3HAYEHUIT t = 1,...,p, KAK BBIOOPOYHYIO JIMCIIEPCHIO, TaK KaK deM OoJibllie pa3dpoc,

2
5
TeM GOJIbIle TMAHCOB, YTO 3HAYEHUsI OY/JyT PA3HbIMU, T.e. MaJeHbKue ([OYTH HyJIeBble) U
bosbIIIHNE.

Ha Bbi6opounom s3bike: V = [Vi:...: V], Vi,..., V. € R" — dakropHble BEKTODA.
Ha Bei6opounom s3bike € mepexogut B X € R™P | &' nepexoaur B X' € R"™™P n (coorser-
crByer dakropam) nepexoaut B V € R™7. Torna Fn coorsercreyer VT,

[ToBopauusaem daxTopsl: 1 = Wn — daxTops 1moc/ie BpalieHus, F = FW- rne W €
R™" — marpura moBopota. UTo 03HaYaeT Ha sI3bIKE BEKTOPOB TO, UYTO MbI IOBOPAINBAEM

dakToper? 1o 3HaunT, 9To V = VW € R™*",

U nest: mbl xoTum, 94Todsl Fn = ﬁﬁ (To ectb &' He MOJKHO MeHsTHCs ). U neiicTBUTE/IbHO,
Frj = FW~'Wn = Fn,

MbI TIOMEHsLIN (DaKTOPHBIE BECA U MOJIYUUJIA TO YK€ caMoe (YCJIOBHO MOXKHO CKa3aTh, UTO B
OJIHY CTOPOHY HOBOpadnBaeM (hakTOpbl U B APYTYIO0 CTOPOHY HOBOpadmBaeM IF).
B ciyuae oproronansubix spamennit: W1 = W' u Toxke apngerca Marpureil moBopo-

Ta.

3.8. KocoyroJsibHble BpallleHus

Boobmie rosopg, W1 £ WT. Mpbr xormm, uTo66 HOBBIE (PAKTOPEI TIOCJE BPAIICHUS
OBbLIN [O-TIPEsKHEMY HOPMUPOBAHBI (TO €CTh Jucrepcust Oblia paBHa 1 Ha g3bIKe CJIyJYailHbIX

BesimanH). Ml mpe/nosnaraem, aro Bee rienTpupoBano. Torma

Cov(n) = Enn" = E(Wnn"W") = W Covn W' = WWT,
——

I[TX’V‘

OyeM TpeboBaTh, UTOOBI Ha JUATOHAJIM dTON MATPUIII CTOSIIA €TUHUIIHI.

3ameuanue 7. Heobxodumo nposepamo, 4mobvl 6 KOPPEAAUUOHHOT MAMPUUE HOBHLL Pak-
mMopos OvLAU HEe 0UEHD HOALWUE MO MOOYAI0 KOPPEAAUUL, MAK KAK YeM DOADUE KOPPEAAUUU

M@Z)dey HOBHBIMU NPpUSHAKAMU, TNEM boaee no@ospumeﬂmeﬁ pesyavmam.

WNuTepniperanius mocjie KOCOYTOJIbHBIX BPAIEHUI y2Ke CTAHOBUTCH HETIOHATHA.



35

3.9. ®akTopHasag CTPYKTypa M (paKTOPHBIII MaTTEepH

Brenem ompesienienus Jjist IBYX MATPHIIL.

Onpenenenne 3. Qaxmopras cmpyxmypa (factor structure) — smo mampuya Koppesayud

UCTOONOT NPUsHaKos ¢ nosvimu, mo ecmo ® = {p(&.,17;) 1", =1

Onpenenenne 4. Qaxmoproii nammepn (factor pattern, factor loadings) — amo mampuua
F, xoadpunyuermor aunetinot xombunayuu ¢ & = Fn (koadduyuermor aunetinol Kombura-

uyuu, ¢ Komopovimu UCTOOHDLE NPpU3HAKU GblPaAAHCAIOMCA YEPE3 H06’bL€).

IIpemgioxkenne 7. B cayuae opmoz0nasvhoix 8pawenuts Gaxmophas cmpykmypa coénada-

em ¢ PaxmopHvLM NAMMEPHOM.
Joxazameavcmeo. Pacrimmem, yemy paBuo P:
® = Cov(¢,7) = E(€R") = E(FAR") = FCov(7) = FWW".

B ciygae oproronasnsubix spamennit W = W7, ciegosarensno @ = FWWT =TF. 0

I[T' X7

3.10. MeToapl HaxoxK/1eHnsd (PAKTOPHBIX 3HAYECHU

[lepeiinem Ha BEIGOpounLIil A3bIK. X = VT + £, Iycrh Mbl yaxe onenmnu F. Bosnukaer

Borpoc — Kak Haiiti V (factor scores)? EcTb HECKOIBKO METO/IOB.

1. (OLS) Pacnumewm nio unpusugam Y; € RP. mojyaum n ypaBHeHUit

QakTOpHbIC 3HAYCHUS JIJIS 1-Or0 WHJIMBUJIA MOYXKHO HANTH 10 METOJY HAMMEHDLIITIX

KBa/IpaTOB, TOI'/la PEIICHUE BLIIVIAJIUT CJICIYIOININM 06pa30M:
(vit, - ., vi) " = (FTF)"'F1Y;.

2. (Merox Baprierra (WLS)) Iycrs ¥ = diag(o7, ..., 0.) — auaromaibHas MaTpHIa, B

KOTOPO#l Ha JUAroHaJ/IM CTOAT yYHUKaJbHOCTU. Torja pereHue:
T Tyl - 1rTy-1
(vil,...,vi,,) = (F VU IF) F*U }/;
3. (Regression method) B Hopmasbroit Mosiesn, ocrosbiBasich Ha OMIT,

(Uilv s 7Ui’/“)T = FTS_l}/;-
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