1 Kuaaccudukamms

1.1  OO6muii moaxoa K KjaaccuuKaIul Yepe3 alloCTePUOPHbBIE BEPOST-
HOCTHU

O61mast mo/Ixo/1 K KJIacCuMUKAIINA: CTPOATCs Kaaccuduiupyonme (pyHKIUT f;, TaKue IT0
KJIacCu(pUKAIIS TTPOBOUTCS TaK: WHINBHJL C IPU3HAKAMHI & OTHOCUTCS K TPYIIIE C MAKCHMAJIb-
HBIM 3HAUEHHEeM Ha HeM KJaccudurmpyoneil Gynknnm: arg max, f;(z).

Otkyna 6epyres st Kiaaccudunupyorpe dyuknun?! EcrecTBeHHast njiesi B3ATh B Kade-
cTBe f; BEPOSTHOCTD (ee OIEHKY) IPUHAJJIEXKHOCTH K i-My Kjaccy. Ilyers € — nuckpernasi ¢.B.,
npuHIMaiomas suadenus { A; Y- P(n | € = A;) = P; u umeer miotHocTs p; (). Torma Gpimo Gbi
JIOTUYHO B3Th f; = p;. s mpakTudeckoro npuMeHeHns: Ha 0 ObLIO ObI OIEHUTH IIJIOTHOCTH,
OO0 HemapaMeTpUIecKn (HAIPUMED, [0 YHCIIy TOYEK, MONABIINX B JeJbTa-OKPECTHOCTD — TH-
ma Merojia OsmKaiinmx coceieii), 6o mapaMerpudecku (€CjM U3BECTHO, YTO PACIpe/e/IeHne
HOPMaJIbHOE, TOTJIa IIPOCTO OIIEHMBAEM BEKTOPBI CPEJIHUX U KOBAPUAIIMOHHBIE MATPUIIHI).

Boutee cioxkublil moaxo — depes anocrepuopHbie BeposTHOCTU. Fejm y Hac ectb arpu-
OpHOE 3HaHUe BEPOSITHOCTU TOT'O, UTO WHUBUJL U3 TOI'O UM UHOTO KJIACCA, TO MBI MOXKEM €ro
yaectb. Beegem nonstue kinacca C; = {€ = A;}. Urobbl kiaccuduimposars HabiojeHIe T,
HeoOXOIMMO HaiTH

argmax P (£ € A;|n = x) = argmax P (Cj|z) .

[TycTh M3BECTHBI APUOPHBIE BEPOATHOCTH IPUHAIJIC?KHOCTH HOBOIO HAOJIIONCHU K i-My
kiaccy m; = P (C;). Torma amocreprophbie BeposiTHOCTH 110 hopmylie Baiieca 6y 1yT nmers B

> =i P (]Cy)

[TosTomy B KadecTBe Kaaccuunupyommx QyHKIMi 6epyT

P (Cilz)

() — pi(z)m; _
fe) = o

Tak kKak 3HaMeHATEIb y BCEX f; OJMHAKOBBLINA, €ro MOKHO OTOPOCUTH, ¥ UTOIOBBIE KJIAC-
cudurmpyrormue GyHkimu OyayT Boirianers Kak f; (z) = P (x|C;) m; = pi(z)m;.
Kak BoiOpaTh anpropHbie BepOSTHOCTH !

1. PaBuomepro, Vi€ 1:km; =1/ k.
2. Ilo coornorenusiM B obydatoreil BLIOOpKe: m; = n; / 25:1 n;.

3. Ha ocnoBe npyroit gonosanTenbHoil nHGOPMAIME 0 JAHHBIX (PE3y/IbTaThl MPEBILY X
HCCIIeTOBAMIA, etc.)

CsotictBo. [locmpoennvii memod xaaccudurayuu predict(x) = arg max; mp;(x) Munumusu-
PYEM. CPeOHI anocmepuopHyo owubKy:

k
ZmP(predict(x)! =1i|C)).
i=1

Buno, 94T0 MOXKHO € TIOMOIIBIO AITPUOPHBIX BEPOSTHOCTEH (hopMabHO 3a/1aBaTh BaK-
HOCTDb ONIMOOYHBIX KJIaCCU(DUKAIMI JI/I pa3HbIX KJIACCOB.



1.2 JIuHeiiHbI 1 KBaAPATUYHbIN JUCKPUMUHAHTHBIN aHaJ N3 AJ1s1 KJIac-

cuduKaImm
1.2.1 LDA
Mogenp: € — QUCKpeTHast C.B., NpuHEMaiomas suadenus {A;}r , P(n | € = A;) =

N (14, X). Torma mwIoTHOCTL B TOYKE X

1 1 T w1
—  exp (=) S @) ),
(27r)p/2|2|1/26Xp< g (7 m) =T “))

n kiaccudunupyomas oyaknus f; () = mp (x| = A;), Tae m; — anpuopHas BepOSTHOCTD
HAOJTIOEeHNS TIONIACTD B -10 TpyIry. st yrporenus Beauc/ieHnit MOYKHO IIePENncaTh KIacCH-
durupyonyo yHKIUIO Yepe3 Bo3pacTaioliee MOHOTOHHOE ITpeobpa30oBaHue Kak

pi(r) =p (x| = A;) =

1 1 -
gi (v) =log fi (x) = logm; — Jlog [ = 5 (z — )" B7" (v — pus).

CokpaTuB 9acTh, HE 3aBUCAIILYIO OT HOMepa KJjacca, HoJIydaeM JHHEeHHbIe KIacCuuIupyorme
dyHKIUN
1 _ _
hi(x) = —§,uiTE Y 4+ i X + log .

Sameuanue. Ecau dee epynnovi, mo 2unomesa 0 paseRCmee MHO2OMEPHLLT Mmam.odc. Hy
p1 = fo (PaA3AUNUE 3HAYUMO, ECAU 2UNOME3A OMBEPLALTNCA, G MOALKO MO0204 UMEE, CMULCA
nposodums Kaaccudpurayuto) 6 modeau LDA nposepaemces ¢ nomowwro kpumepus Xomen-
aunea (Hotelling). Ecau epynn Heckoavko, mo ecmb pasHbie Kpumepuu, HAnpuMep, Kpume-
pusa Wilk’s Lambda uau Roy’s greatest root (amu oice xpumepuu ucnoavsyromea 6 MANOVA,
Multivariate ANalysis Of VAriance). Ohu omausaromes MOUHOCMBIO NPOMUE PA3HO20 PACTO-
NOAHCEHUA 2DYNN.

Hemuoro npo kanonunveckue nepemeHHbie B LDA ecrb Tak HasbiBaeMble KAHOHIIECKHE
nepemennbie. Ves moxoxka #Ha AI'K, TobKO onTUMU3aMOHHAs 3a1a4a, JApyras. AHAJIOITIHO,
Ha OCHOBE MCXOJHBIX IIPH3HAKOB (IIPU3HAKU EHTPUPYIOTCS ) CTPOSITCST HOBBIE IPU3HAKY KaK JIN-
HellHbIe KOMOMHAIINN MCXO/IHBIX IMPU3HAKOB. TOJIBKO IepBas KaHOHUYECKas IepeMeHHas — 9TO
Takas JIMHeHiHAs KOMOMHAIUS MCXOIHBIX MPU3HAKOB, 110 KOTOPOI I'pyIiiia MaKCUMAaJIbHO OTJIU-
vatorest (ormane usmepsiercst Ha ociope ANOVA | no crarucruke kpurepusi Quinepa). Bropas
JINHelHasi KOMOMHAIINSA JI0JI?KHA ObITh OPTOTOHAJbHA IIEPBON U HMPUBOJUT K MAKCUMAJIHLHOMY
Pa3INIUIO CPEJIT OPTOIOHAJIBHBIX JIMHEHHBIX KoMOuHaIuit. I T.;1. V100HO cMOTpeTh Ha JlaHHbIE
B IIJIOCKOCTH TIEPBOii 1 BTOPOW KAHOHMYECKHUX [EPEMEHHBIX (MHOT/IAa 9TO HAa3bIBAIOT roots).

[Tpusenem dbopmyity, Kak HaX0AATCss KO3hUIUEHTh! JTnHeHONH KoMOUHAIMN (KAHOHIYe-
ckure Ko UIMEHTDI) JJisl MOy YeHrs] KAHOHUYECKUX [TepeMeHHBbIX. HeyuBUTeIbHO, 9TO 9KC-
TpeMasibHas 3a/a4a IPUBOJIUT K ITOUCKY COOCTBEHHBIX BEKTOPOB HEKOTOPON MATPUIIHI.

Nmeer pazyioxkenue BLIOOPOUHON MaTPUIIBL:

kE  n;

k k  ng
DD i =Ny =) =D -V - DD v~ ¥y —vi) = H+E.

=1 j=1 i=1 j=1
(1)

Jlo/KHO OBITH SICHO, UTO 9TO JIUIIb MHOI'OMEPHOE 0000IIEeHNEe PA3JIOKEHUS CyMMbI KBAJIPATOB.

[TepBoe craraeMoe oTBeYAET 3a PABEHCTBO CPETHUX (HEOTJIMYUMbIE IPYIIIB), €M0 HA30BEM
H or cioB hypothesis, a Bropoe — 3a oTKJIOHEHNE TAHHBIX B KaXK 101 I'PYIIIIE OT CBOET'O CPEJTHETO,
ero HazoBeM E ot ciioBa error.



B stux oboznavenumsix, kKaHOHUIECKUE KOIMDPUIIMEHTHI SIBJISAIOTCH COOCTBEHHBIMU BEKTO-
pamu marpuil E-H. A cobersennbie uncia \; (yopsiiouenHble 110 yObIBAHUIO BMeCTe ¢ co0-
CTBEHHBIMU BEKTODAMI) 9TON MATPHUIBI OTPAZKAIOT TO, HACKOJBKO I'PYIIIBI XOPOIIO PA3Ieisi-
I0TCS IO COOTBETCTBYIOINIE KAHOHUIECKON ImepeMeHHoi. YncIo HeHyIeBbIX COOCTBEHHBIX YHCET
s < min(n, k —1).

Kpurepuu i1 TpoBepKu T'MIIOTE3bI O TOM, YTO I'PYIIIBI HE Pa3JeIUMbI, SBJISIOTCS KOM-
ounarmeit 3Tux cobcrBenubix ynces. Hanpumep, craructuka kpurepus Wilk’s Lambda

1
A:gl+)\i

(¢ Kakoil CTOPOHBI KpuTHUeCcKas 06acTb?). A cratucruka kputepus Roy’s greatest root mmeer
BU

2 A1
r{ =
1+ X\
(¢ Kakoii CTOPOHBI KPUTHIECKAs 00JIACTH?).
Kax 1moHsaTh, HIPOTUB KAKOTO PACIIOIOKEHUsI TPYIIILI MOIIHEE OIUH, a IPOTUB KAKOro —
JIpyToii?

1.2.2 QDA
Mogenb: £ — aucKperHas C.B., IPUHAMAIONIAS 3HAYCHUS {Ai}le, Pn| €= 4) =
N (i, %;). Torma mIOTHOCTL B TOUKE T
plole = 4) = e (5 o - "S5 - ) )
(2m)"2 5] /2 2

u knaccudunupytomas dyukius f; () = mp (x| = A;). [Ipumensiem Bozpacraroriee MOHOTOH-
HOe Ipeobpa3oBaHne W OCTaBJsIeM B KaacCupuIupyiomeil (byHKIMNA TOJBKO Y9ICHBI, OTINIaIO-
myecs B pasHbIX I'PYIIIAX:

1 1 T v
gi (x) =log f; (x) = log m; — §1og |2 — ) (@ — i) 37 (o — )
[OJIyYaeM KBaJIPATUYIHO 3aBUCHIIYIO OT & KJIACCUMUIUPYIONTYIO (DYHKITHIO.

Sameuanue. FEcau dse epynnol, mo 2unomesa 0 pageHcmee MHo20MePHLT mam.oxc. Hy @ pp =
Lo (pasauvue 3HAYUMO, eCAU 2UNOME3q OMBEPLALMCA, G MOALKO M020a UMEEM CMUILCA NPOSO-
dumsb kaaccupurayuro) 6 modeau QDA moowce nposepsemces ¢ nomowwto kpumepus Xomen-
aunza (Hotelling), no ¢ omdeavho oueHeHHbMU KOBAPUALUOHHDLMU MAMPULAMY (Kpumepul
acumnmomuueckutl). Ecau epynn neckoavko, mo mym yotce Kpumeputi CAOHCHO NOCTPOUMD.

1.3 Kuaaccndpukanuma B ciIydae JIBYyX KJIaCCOB

Ecnmm Bcero nBa kitacca, TO MOXKHO ITOCTPOUTH I'PAHUILy MEXKIY KJacCaMU, TPUPABHIB
KJIaccupurupyornme (pyHKINN.

1.3.1 LDA

[Tpupasusis hy(z) = he(z), moayIrM pasIeIsIoONy 0 MHIIEPIIOCKOCTh. Pasiessionas 18a
KJIACCa TUIEPIIOCKOCTb UMeET B/

{x:h(x) =hy(x)} =
= {x: —%(m — p2) "= A+ p2) + (1 — p2) TS x + log(my /m2) = 0}



OT COOTHOIICHUS MEXK/Ly AlPUOPHLIME BEPOATHOCTAMHU 3aBUCUT I0JIOKEHNIE TPAHMUIIBI OTHOCH-
TeJIbHO KJ1accoB (K KakoMy OHa 6imzke). BHIHO, 9TO alpHOpHBIE BEPOSITHOCTH BIIMSIOT TOJIBKO
HA, CABUT PA3JIEIAIONICH TUIEPIIOCKOCTH.

BameTny, 9T0 KIaccupUKAIIIO MOKHO 3aIlHCaTh KaK cpaBHeRne — s (fq — po) TS (1 +
po) + (1 — p2)TE"1x ¢ mekoropeim noporom (— log(my /7)), KOTOPBIi 3aBUCHT OT allPUOPHBIX
BeposiTHOCTEH (MM BeCOB OMMOOK JIJIsl PA3HBIX KJIACCOB, CMOTPsI KaK Ha 9TO CMOTPETD).

1.3.2 QDA

B nannOM citydae, pazjesidroniast IIOBEPXHOCTh UMEET BHUJ KBa/IPATUYHON ITOBEPXHOCTH,
MOXKET COCTOSAATH U3 JIBYX T'UIIEPOOJIONJIOM, MOXKET UMETH (POPMY JLIUIICA.

1.3.3 Kapruakn

LDA QDA
app. error rate: 0.04 app. error rate: 0.02
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31ech Mbl 06CYK I/ IUCIO TAPAMETPOB B MOJIEJIsSIX, BO3MOXKHBIN overfitting (meperos-
rouky). Vcmomp3oBaiu ciioBa — 06061maormast criocoOHOCT AJTOPUTMA.

1.4 KagecTtBo KjaaccuduKanum
1.4.1 Omubku KiacuduKanmum

KauectBo kinaccudukanmm u3mepsiercs: omubKaMu KiaaccupuKkayn (701t HeIPaBIUIbHO
K/IACCH(UIIPOBAHHBIX OOBEKTOB). N;; — THCJIO OOBEKTOB U3 KJIACCA §, OTHECEHHBIX K KJIACCY J.



B coorBercrBytoteit MaTpuiie KJaacCupUKAIMU Ha JUATOHAIN CTOAT MPABUIHHO KJIACCUDUITHI-
pPOBaHHBIE OObEKTHI, BHE JIMANOHAJIN — OIITHOKH.

Ha camom Jiesie, meb3sg MpoOBEPATbh KadecTBO IpEJ/ICKa3aHud Ha TeX JIAHHBIX, Ha KOTO-
PBIX 3TO PEJICKA3aHue CTPOUIOCH. [109TOMY HCIOIB3YIOT KPOCC-BATHIAIIO (CKOJIB3SIIIII KOH-
TpoJib). Hanpumep, kaxkioe HabII0/IeHIE 110 OUepe/ N UCKITI0IAeTCs 13 BLIOOPKHU, KJIacCuUIy-
pyfolIee MpaBuIo CTPOUTCS Oe3 HEro 1 ¢ TIOMOIIBIO TOTO IIPABUIA WHIMBUL KJIACCH(PUITIPYETCH.
Crpontca anajornaHas Tabamia u3 n,;. B Heil ommbok OymeT, BoobIe roBops, 6oJbIIIe.

31ech 00CyzKIajIi, 9TO UMeeT CMBICT CMOTPETh Ha OMMOKN 0e3 KPOCC-BATUIAIIMU U C
Heit. Ecau pasauna cymecrBeHHas, TO 9TO TOBOPHUT O IEPENOJITOHKE UCIOIB3YyEeMOM MOJIE/IN.
BepositHO, oHa He 0YeHb XOPOIIasd; HAIPUME]P, CJUIITKOM MHOI'O IapaMeTpOB.

Bameuanne. Heib3s mmyrarh KiraccudUKaIno 1 pa3jindre TPy, ['PyIibl MOI'yT 3HATIMO
pasIIaAThCs, KIACCHMUKAIINS MOXKET OBITH P 9TOM OECCMBICIEHHON (OMMOOK Iy Th MEHbIIE

50%).

1.4.2 ROC un AUC

wikipedia ROC-kpusast (anri. receiver operating characteristic, pabouasi xapakrepucTuka
IpUEMHUKA) — IpaduK, HO3BOJISIONINI OIEHUTH KA4eCTBO OGUHAPHOI Kiaccudukalmm, oroopa-
JKaeT COOTHOIIEHHE MEXKILy JI0Jeil 0ObEKTOB OT ODOIIEro KOJMIeCTBa HOCUTE el IIpu3HaKa, Bep-
HO KJ1acCH(UIMPOBAHHBIX KaK HECYIUX IPU3HaK, (aHriI. true positive rate, TPR, HaspiBaemoit
YyBCTBUTEJILHOCTBIO aJITOPUTMa KjaccuduKanmm) u Jojeii 00beKTOB OT 00IIero KOJMIecTBa
00BEKTOB, HE HECYIUX IPU3HAKA, OIMMOOYHO KJIACCU(MUIMPOBAHHBIX KaK HECYIIUX MTPU3HAK
(anrn. false positive rate, FPR, sesuunna 1-FPR masbiBaercst crenuduaHOCTbIO ajropurma
KyaccuUKaIUm) IpyU BapbUPOBAHUH MIOPOTA PEINAIOIIETr0 PABUIIA.

Tak:ke m3BecTHa Kak Kpubas ommbok. Anaaus kiaccudukannii ¢ npumenerrnem ROC-
KpuBbIX HazbBaeTcss ROC-anamn3om.

Komuvecrrennyto unrepnperarmio ROC maér nmokazarens AUC (anri. area under ROC
curve, mwiommayb 1noa ROC-kpuBoit) — mwroma/b, orpanndentas ROC-KpuBoil 1 0CbIO 10711
JIOXKHBIX TIOJIOKUTEIbHBIX Kiaccudukarnuit. Yem Boimre nokazareab AUC, Tem KadecTBeHHee
KJj1accupuraTop, upu 3toMm 3Hadenne 0,5 TEMOHCTPUPYET HEIPHUIOIHOCTH BBHIOPAHHOIO METO-
Ja KaaccuuKaImm (COOTBETCTBYET CIIydailHOMY raJlaHuio). 3Haderne MeHee 0,5 TOBOPHUT, UTO
KJIACCH(PUKATOP JEHCTBYET ¢ TOYHOCTHIO JI0 HA0DOPOT: €C/IN TOJIOKUTE/IbHbIE HA3BaTh OTPUIIA-
TeJBbHBIMU ¥ HA000POT, KjaaccudukaTop OyaeT paboTaTh JIydIle.

MOM KOMMeHTapuu FEcin KTo-To XopoIo mpejcrapisieT cebe, KaK BBINIAIUT rpadukK 3aBU-
CHMOCTH MOIIHOCTHU OT OIIMOKH IIEPBOTO POJIa, TO 3TO UMEHHO Takoii rpacduk. Mensercs ypoBeHb
3HAYMMOCTH (KaK [OPOr OTBEPIHYTH - He OTBEPIHYTH) U [0 OCH X OTKJIQBIBAETCS OIMUOKa mep-
BOIO poJia, oHa ke false positive rate FP/(TN-+FP), a o ocu y oTk/1a/ibiBaeTcsi MOIIHOCTD, OHA,
xke true positive rate TP /(TP+FN)(cioBo positive o3Hauaer, 9T0 HysIeBasi TUIIOTE3a OTBEPT-
HyTa B I10JIb3Y BTOPOIi, aJIbTePHATUBHOM, TUIIOTE3DI, a B CJydae KJIaCCH(PUKAIIUU, YTO SJIEMEHT
KJIACCUDUIUPYETCS KAK OTHOCSIIUNCS KO BTOPOMY KJIACCY ).

Taxkum 06pazoM, MeHsieM TIOpOr/apamerp Jis MeToja Kiaccudukanuu (puMep napa-
MeTpa — AlpPUOPHAsi BEPOATHOCTD 71) U IO OCU X OTKJIAJbIBAEM JIOJI0 HEIPABUILHO KJIACCU-
burmpoBaHHBIX 3JEMEHTOB M3 HepBOro Kiaacca (ni2/(ni; + nia), FPR), a mo ocu y — mosro
IPABUJIBHO KJIACCH(MUIMPOBAHHBIX 9JIEMEHTOB M3 BTOPOro Kiacca (ngs/(ngg + nat), TPR).
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[Tycts ktacesr umetor Bug 4,6,8,10,12 mepseriit u 1,3,5,7 ropoit. Onumem ROC-gkpusyto.
[TycTh K IIEPBOMY KJIACCY MbI OTHOCHM, €CJIH YHUCJI0 GoJibIie mopora y. st v < 1 Mbl HAXOAUMCS
B Touke (0,0). IIpm 1 < v < 3 mbr mepeckakuBaem B Touky (0,0.25). IIpn 3 < v < 4 mbr
nepeckakuBaeM B Touky (0,0.5). IIpu 4 < 7 < 5 mbr nepeckakuBaeM B Touky (0.2,0.5). Ilpu
5 < v < 6 mbr nepeckakuBaeM B Touky (0.2,0.75). Ilpu 6 < v < 7 MBI IepecKakuBaeMm B
touky (0.4,0.75). Ilpu 7 < v < 8 mbl nepeckakuBaeMm B 10uky (0.4, 1). Hanabime mbl npu z = 1
nocsieI0BaTe/IbHO niepeckakuBaeM 1o y B 0.6, 0.8 u npu v > 12 nonajaem B Touky (1,1).
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