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Introduction

Given a dataset with observations on some variables, we might get interested in the causal structure of the data, i.e. which variables
affect which, what the impact of the cause onto the effect is, and so on.

Problem | Problem Il

Say we have some observations on variables X1, ..., Xg4. Say we have a causal structure for variables X, ..., X4.

We need to describe the causal structure for the variables, We need to measure the impact of each cause on the effect.
i.e. we should understand what variables are causes and
what are effects for a certain variable.

Trying to solve these problems we immediately face a few fundamental questions.

What does cause even mean? Once defined at what extent can we be sure about the
How do we define causal structure? correctness of the causal structure?
How do we measure the impact of cause on effect?

Causal Inference is a theory within mathematical statistics developed in order to

formulate the causality and related problems




Theoretical overview. Introduction

Let’s start with only two variables — X and Y.
In real life we are given a number of observations (x1,y,), ..., (X5, ¥), so let us assume some joint probability distribution Py y.
It is well known that Py, admits the following representations
Pxy = Px * Pyx, (1)
Pxy = Py * Pyy. (2)
If we imply a causal structure for X and Y it is natural to associate representation (1) with the statement “X causes Y”, and (2) with

“Y causes X”.
Furthermore, (1) and (2) bring the following systems

X = ";1_1 X = F)_(|1Y(772)
Y = Fy|x(€2): Y=mn )

where &; and n; are random variables with distributions Py and Py respectively, £, and 17, are random variables distributed uniformly
on [0,1], &1 L &m0 L 1.

The consideration above leads us to define the causal structure as a system
X=¢&
Y - f(X) 52))
where f is a measurable function that characterizes causal link from X to Y (X is the parent of Y) and &, &, are some independent

random variables.
This system is called Structural Causal Model, or SCM.




Theoretical overview. Introduction

Let’s generalize SCM for the case of finitely many variables.

Suppose we have variables X3, ..., X4, and each variable, Xj, is associated with a set of some other variables, ?j, called parents.

Structural Causal Model, or SCM, is a system of equations

X =fi(#.¢),  jelld,
where f; is a measurable function, P; is a subset of {X; }\X; and {&; } are jointly independent random variables.

The idea of SCM is that each variable depends on its parents and some random effect.
Some examples of SCMs:

(Y. —
fX1 =& X1 =& X1=&
[X2=46 X, = sin(11X;) X, = 13X, + 4,
X3 =2X; +3X; + &5 X3 = 5e% { X3 =1783 % X,
\X4— = 54 * X3 X4 — X§4
\XS S COS(Xl +X2 + X4)



Theoretical overview. Identifiability |

As we have seen in the two-variables case, Py x, doesn’t uniquely determine SCM, instead many SCMs correspond to

Py, . x,- In fact, number of SCMs corresponding to Py x_ increases super-exponentially as d increases.

The notion above means that given a number of observations on several variables, it is impossible to know their causal structure

certainly.
How should we deal with that fact?

Let us again consider the two-variables cause, X and Y. So then the problem would be to determine Cause and Effect. In terms of SCM
we need to come up with the model

Cause = ¢,
Effect = f(Cause, &,). (1)
Since both X and Y can be the Cause, we need to make some assumptions about Pgrect|causes Pcause, f Or §1 and &,. If our

assumptions are “good” enough, we will be able to distinguish between Cause and Effect so that only X, or only Y, can be the Cause in
the model (1).

Given a model and it’s assumptions, the problem of identifying whether one is able to surely distinguish

between Causes and Effect is called identifiability problem.



Theoretical overview. Identifiability |

Linear non-Gaussian acyclic model,
or LINGAM

Consider the model

X=¢&
Y=aX + 52, (1)
wherea € R, & L &,.

Theorem ([ , th. 4.2])

There exist § € R, 14, 11, such that

ny L n,and
Y=m )

if and only if £; and &, are Gaussian.

The theorem means that if at least
one of random variables &, &, is non-
Gaussian, the model (1) is identifiable,
i.e. one is able distinguish between
Cause and Effect.

Additive noise model, or ANM

Consider the model

X=&
{Y = f(X)+&,, (2)
where f is measurable, &; L &,.
There is a theorem [2] that states
that in a very wide range of cases,
"typically”, that SCM is
identifiable.

Let pg,, pe, be strictly positive and

[, e, De, be three times differentiable.
Then, if there exists a y € R, such that
(log pgz) (x)(y — f(x))f’(x) 0 a.e.,
the set of log densities log pg, for which

the model (2) is not identifiable is a three-
parametric family of special functions.

The theorem means that if pg_is not of a

very special kind of functions, then the
model (2) is identifiable.

Post-nonlinear model, or PNLM

Consider the model

{X =$1
Y =g(f(X) +$2), (3)

where f, g are measurable, &; L &,.

Assume pg , f, g are all three times
differentiable.

The model (3) is identifiable if and
only if pg , f, g are not connected to
each other in the sense of a
differential equation described in [3].




Theoretical overview. SCM graph

The identifiability results in many-variables case are much easier to formulate using graph terminology, which is very useful itself. So

now we will adopt that terminology.

Some examples of SCMs and its’ graphs:

A

The graph G, or SCM graph G, corresponding to a SCM
X; = £i(#,¢))

j€{1,n},

is a directed acyclic graph, or DAG, with vertices {X} } and some edges such that there is an edge from X;

to X; if and only if X; isin P;

rX1 =&
X, =4
X3 - 2X1 + 3X2 + 53
LX4 = &4 * X3
X1
>X3_’X4
X

X1=%
Xz - Sln(lle)

X3 - 5€X1

X1

N\

X2 X3

A

fX1 =&

X, =13X; + &,

X3 = 1783 * X,

Xy = X3

\XS == COS(Xl +X2 + X4_)

X1 < :Xz_’Xs_’XzL



Theoretical overview. SCM graph

SCM graph is not only a fancy way to illustrate the SCM causal structure. Under some additional assumptions it may as well be used to
derive information about conditional probabilities within the model directly from graph.
It turns out that to define “conditioning” on graph, it is enough to consider three three-variables SCMs.

@® Mediating, or chain @® Confounding, or fork @® Colliding
X=¢& X X=& X X=4¢ X Y
Y = f5(X,§2) Y = f5(X,§2) ,/\ Y =¢& o’
Z = f3(Y,$3) Z = f3(X,$3) Y Z Z =f3(X,Y,$3) Z

N —<

Essential relationships:
XA Z|Y

Mediating rule:

If two variables in a chain
are separated by a third
variable, then they are
independent given that
third variable.

Essential relationships:
YXZ
YL1Z|X

Confounding rule:

If two dependent variables
in a fork share a common
parent variable, they are
independent given that
parent.

Essential relationships:
X1lY
XLY|Z

Colliding rule:

If two independent
variables share the same
descendant variable, they
are dependent given that
descendant.



Theoretical overview. D-separation

The operation of “conditioning” on SCM graph is based on mediating, confounding and colliding rules.

Given a SCM graph, an undirected path between two vertices is blocked by a set of vertices S if
* & contains either a mediator or a confounder,
S doesn’t contain nor colliders neither any colliders’ descendants.

Given a SCM graph, two sets of vertices A and B are called d-separated by a third set of variables S if
every undirected path between vertices from A and B is blocked by S.

We will denote the fact that A and B are d-separated by Sby A L; B | S.
So, given a SCM and a graph, we want to associate true conditioning with d-separation so that for each sets of variables (vertices) A, B

and §
AlLB|Se ALl;B|S.
Such association is possible when the joint probability behind the SCM is Markovian and faithful with respect to the graph.

10



Theoretical overview. Faithfulnhess

Given a DAG G of vertices X, ..., X4 and a joint probability Py  _ x,, we say that

Py, ..x, is faithful with respect to G if

ALB|S=>AL1,B|S.

The concept of faithfulness is nicely illustrated in the following example.

X=z X X @
Y=aX+€2 /\ /
Z=bX+cY +§&,

Y —— 7 Y+—7

It seems that the graph (1) suits the SCM above in the sense that Py y 7 is faithful with respect to (1), but from the equations we get
Z=bX+cY+&=bX+claX+é&)+ & =(ac+b)X +cé&, +&;.

Let ac + b = 0. Then obviously X 1 Z whereas X £, Z, so Pxy 7 is not faithful with respect to (1).

One can show that the SCM we are considering is equivalent to the SCM below that is faithful to the graph (2).

X=f1
Y=aX+bZ+&,
Z=53

11



Theoretical overview. Markov property

Given a DAG G of vertices Xj, ..., X4 and a joint probability Py x ., we say that

* Py, x, meetsthe global Markov property with respect to G if
AlLB|S<Al1,B]|S,

Py, ..x, meets the local Markov property with respect to G if each of X, ..., X is independent of its
non-descendants given its parents (parental relations are derived from G).

For DAGs the local Markov property is equivalent to the global Markov property so will refer to any of them simply as the Markov
property.
Given a DAG G of vertices X, ..., Xy, all distributions Py y that are Markovian with respect to G are denoted by M (G). For example,

two following SCMs generate distributions that are both in M (Gy).

X—>Y (Gy)

rX=g‘1 rX=f1
Y = £(X.8) ]V = f2(X.8) \
Z = fg(X,fg) Z = f3(X:€3)
T=Y+Z+¢&, T=Y*Z+¢& 7 ——T

12



Theoretical overview. Markov property

A DAG G generates a list of d-separations (e.g., X1 Ly X5 | {X3, X4}, X5 Lg X4 | {X5)).

On the one hand, all it takes for a distribution to be Markovian is to have the same list of conditional independencies. As we have seen,
there are in fact an infinite number of distributions that are Markovian with respect to G.

On the other hand, it turns out that we cannot surely recover DAG from a list of d-separations. The reason for this is that chains and
forks generate the same list of d-separations:

Z X > 7 > Y

N

X Y X1Y|Z

Thus we cannot recover DAG from a list of distributions that are Markovian with respect to that DAG as well. However, we can think of
a class of all suitable DAGs.

Two DAGs G4 and G, are Markov equivalent, or belong to the same Markov equivalent class, if
M(G1) = M(Gy).

Two DAGs G4 and G, are Markov equivalent if and only if they
* have the same skeleton,
* have the same collidings.

13



Theoretical overview. Identifiability Il

Given a SCM or a joint probability and a DAG, we can associate true conditioning with d-separation in the DAG in the way
that

AlLB|S&A1l;B|S
if and only if the joint probability is Markovian and faithful with respect to the DAG.

The proposition above makes us about other DAGs for which the equality (1) holds. We already know that it holds for all DAGs from the
same Markov equivalence class — it turns out that this is the only possibility for Markovian and faithful distributions.

Assume that Py y . is Markovian and faithful with respect to Gy.
Then

« foreach G € M (G,) there exists SCM that generates Py x ,
* thereisno G € M(G,) such that Py . is Markovian and faithful with respect to G.

Now as we have formulated the theorem above, we are able to reformulate the problem of identifiability.

Given a SCM, the problem of identifying whether a joint probability generated by the SCM entails a

unique Markov equivalence class of DAGs or a DAG itself is called the problem of identifiability.

14



Theoretical overview. Identifiability Il

Linear Gaussian model with Linear non-Gaussian acyclic model, Nonlinear Gaussian models
homoscedastic errors LINGAM with additive noise
Consider the model Consider the model Consider the model
X.zz X & (1) X.zz o X + & (2) j = Ji\Yj J
J = e Kie +5; J e e Xic + ¢ where {¢;} are Gaussian i.i.d. random
J j .
where a;, € R\ {0}, {¢;} are where a;, € R\ {0}, {{;} are non- variables.

Gaussian i.i.d. random variables. Gaussian i.i.d. random variables.
Theorem ([ ])

A DAG associated with the model (3)
is identifiable if {f;} are three times
differentiable and non-linear with
respect to each of its” arguments.

A DAG associated with the model (1) A DAG associated with the model (2) is

is identifiable if {¢;} have the same identifiable if {¢;} have strictly positive
variance. densities.

15



Conditional independence-based methods

Conditional independence-based methods assume that the joint probability distribution is Markovian and faithful with respect to the
underlying graph. That is, there one-to-one correspondence between d-separations in the graph and conditional independencies in the
joint probability. One can use then conditional independence tests to estimate the Markov equivalence class of DAGs based on the
following statements.

Given a DAG G,
* two vertices X, Y are adjacent if and only if they cannot be d-separated by any set of other vertices, (1)
e if two vertices X, Y aren’t adjacent, they are d-separated by either Py or Py. (2)

The IC and SGS algorithms are based on the (1). For each pair of vertices, these methods consider all possible sets of other vertices and
test whether the vertices of the pair are d-separated given some set of vertices. After all tests, two vertices are adjacent if and only if
there is no set that d-separates these vertices.

The PC algorithm is based on the (2). It starts with the fully connected undirected graph and step-by-step increases the size of the
condition set, starting with the empty set. At iteration k, checking whether vertices X and Y are d-separated it considers sets of size k
that are subsets either of neighbors of X or the neighbors of Y.

16



Conditional independence-based methods

IC (Inductive Causation) algorithm PC (Peter-Clark) algorithm

1. For each pair of vertices (X,Y), search for a set § such Let d be the number of variables.
thatX LY |S 0. Construct a fully connected undirected graph with vertices

corresponding to the set of variables. For each pair of vertices
(X,Y), testif X LY.IfX LY, thenremove alink between X and Y.
1. For each pair of connected vertices (X,Y), for each Z such that Z

Construct an undirected link between X and Y if and
only if § is not found.

2. For each pair of non-adjacent vertices (X,Y) with a is either a neighbor of X or a neighbor of Y, test if X L Y | Z. If there
common adjacent vertex Z testif X LY | Z. is a test showing that X L Y | Z, then remove a link between X and
IfX LY |Z, thenZisacollider forX and Y. Y.

3. Inthe resulting partially directed graph, orient as many
undirected edges as possible subject to two d-2. For each pair of connected vertices (X,Y), for each
conditions: Zy, ., Zg_psuchthatZ4, ..., Z,_, are either neighbors of X or

neighborsof Y, testif X L Y | Z4,...,Z4_,. If there is a test showing
that X L Y | Z, then remove a link between X and Y.

d-1. For each pair of non-adjacent vertices (X, Y) with a common
adjacent vertex Z testif X L Y | Z.

- the orientation should not create new colliders,
- the orientation should not create a directed cycle.

One can see that the IC algorithm may suffer from high computational IfX LY |Z, then Z is a collider for X and Y.

cost due to searching through all possible sets of variables. d. Inthe resulting partially directed graph, orient as many
The PC is more efficient than the IC because it doesn’t consider all undirected edges as possible subject to two conditions:
possible sets of variables. It is perceived as the main method for - the orientation should not create new colliders,

identifying the causality. - the orientation should not create a directed cycle.

17



Conditional independence-based methods

Conditional independence-based methods strongly depend on the tests of independence. That is why they may suffer from the
problems associated with such tests.

@ Order of testing

As one can see, resulting graph depends on the order according to which tests are performed. So as the number of variables
increases, the algorithm becomes more unstable. A few modifications were proposed to avoid the problem.

PC-stable ([7]) Conservative PC, or CPC ([8]) Fast Casual Inference, or FCI ([9])

Exploiting the idea of waiting until all | Changing the rule of making up colliders Adding some additional tests of
tests for a vertex are performed before | in Step N-1 of the PC algorithm, makes | independence for non-adjacent nodes,
the set of resulting colliders more order-| tries to handle the influence of possible
hidden variables

removing any edges associated with the
vertex, the algorithm makes a DAG’s independent
skeleton more order-independent

@ Estimating the regression functions
Mathematically X L Y | Z is just the sameas X — f(Z) L Y — g(Z), where functions f and g are regression functions and deliver
the best Z-approximation of X and Y respectively in terms of the L,-error (mean squared error). So to perform a test of conditional
independence, one should find f and g, subtract f(Z) and g(Z) from X and Y respectively and then perform a test of

independence on the resulting variables.
However in practice it is impossible to search for f and g through the set of all appropriate functions. That is why usually f and g

are assumed to be linear, polynomial, etc. As it is known, in the gaussian case linear assumption is totally fair. But generally the
assumption means that we can’t be sure that the test’s result corresponds with the reality.

18



Conditional independence-based methods

@ Multiple hypothesis testing problem

Say, we need to test whether variables X and Y are independent. Then we have a null hypothesis Hy: X and Y are independent and
an alternative hypothesis H,: X and Y are dependent.

Type | error, denoted as «;, is the probability to reject Hy given that Hy is true.

Type Il error, denoted as «y;, is the probability to not reject given that H; is true.

Significance level « is the desirable value of ;. So if @ = 0.05, it means that we are willing to reject true H, only in 5% of all cases
and try to come up with a test for which a; = «, or at least a; < a.

In the PC algorithm we have to conduct many tests at once. Let us show how the probability to reject at least one true hypothesis
behave as the number of test M increases. For the sake of simplicity, assume that all null hypotheses are true and tests are
independent.
P{reject at least one true hypothesis} = 1 — P{not reject all true hypothesis}
= 1 — P{not reject the 1st true hypothesis} - ... - P{not reject the Mth true hypothesis} =1 — (1 —a)M — 1 as M - oo.
For the common case, conclusion is the same — the probability to reject a true hypothesis increases in the number of tests, that is
why one need to somehow adjust a.

19



Score-based methods

Like independence-based methods, score-based methods assume that the joint probability distribution is Markovian and faithful with
respect to the underlying graph. These methods search for a suitable DAG over a set of DAGs using a measure of how well a DAG fits
the data. This measure is called score. It is implied that a DAG encoding the wrong conditional probabilities will yield a low score.

Given a number of observations over variables X, a set of DAGs G and a score S, find
argmax;ec S(X, G).

If a parametric model with a set of parameters 0 is given as well, then find
argmaxgeg, geo S(X, G, 0).

Most common scores include

@® Log-likelihood

Consider

S(X,G,0) =logp(X|G,0).
A DAG and a parametric model define a family of probability distributions. Assuming that this family has probability densities, given
a number of observations, we are able to maximize log-likelihood and find a DAG and a set of parameters that best match the data.

Even if the model is identifiable, we still need to think about the consistency of the maximum log-likelihood estimator.

20



Score-based methods

@ Penalized log-likelihood — Bayesian information criterion (BIC)

Consider

log n - Length of 6

S(X,G,0) =logp(X|G,0) — 5

Here we add BIC penalty to the log-likelihood.
Due to the consistence of BIC, the score gives a consistent DAG. It means that a DAG derived from the model is getting closerto the
true one asn — oo.

@® Penalized log-likelihood — Akaike information criterion (AIC)

Consider
S(X,G,0) =logp(X|G,0) — Length of 6.
Here we add AIC penalty to the log-likelihood.
Due to the efficiency of BIC, the score gives an efficient DAG. It means that a DAG derived from the model has the mean squared
error that is getting closer to the true one’s as n = oo.

@ Bayesian scores

Consider
S(X,G,6) = log p(G) + log f n(X|G,0) p(6]G) do.

Given prior probabilities p(G) and p(8), the score simply corresponds to the posterior probability p(G|X).

21



Score-based methods

Let us show how log-likelihood is used as a score for the Additive Noise Models.
Say, we have observations X1, ..., X™ over the variables {Xj}.

Common case Linear case
Let Let
Xj:fj(?j).+€.j.' orX=f(X)+€, Xj = z a X +&;,  or X =AX +¢,
where {¢;} are Gaussian i.i.d. random variables, § ~ N(0,Z). =
J
Where a;, € R\ {0}, {§;} are Gaussian i.i.d. random
Then the DAG and {f;} are derived from variables, & ~ N(0, ).
n
argmax; z (Xi — F(x),z1 (Xi _ f(Xi))) Then the DAG and {aj; } are derived from
i=1

n
argmax 4 Z |(AT4)~1AX? ||§

=1

22



Score-based methods

The number of DAGs grows super-exponentially in the number of vertices (OEIS A003024, [10]), and generally the problem of finding
the optimal scoring DAG is NP-hard. That is why often it is infeasible to minimize a score over all DAGs.

@® Greedy search

One can rely on greedy search technique instead of searching over all DAGs (for linear Gaussian SCMs see [11]). At each step of
such algorithm there is a set of neighboring graphs, and one of them that fits the score the best becomes a new candidate forthe
causal graph. Neighbors may be defined using graph edit distance.

@® Dynamic programming

Based on the density factorization, we have

log p(X1G,0) = ) > log p(XLIP,(6),0),
j i=1
which can be interpreted as a sum of local scores. This decomposition can be used to solve the complexity problem at least partially

using the methods of dynamic programming ([12], [13], [14]).

n

@® Integer linear programming (ILP)

One can treat a DAG as a vector so that a score becomes a function defined on a multi-dimensional vector Space (for example,
{0,1}9). Then existing methods of solving NP-hard ILP problems may be applied ([15], [16]).
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