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Perpeccusi: BepossTHOCTHbIV B3KrpayHs

BcnoMHum HeMHoro Teopumn BeposiTHOCTel ANsi BAOXHOBEHWS.

Mycte X, Y — HekoTopble ciy4aiiHble BenYUHbl. Kak Mbl MOXXEM MOMHWTb, YCJIOBHOE
maTemaTtuyeckoe oxugavue E(Y|X) — 370, rpybo rosopsi, ycpeaHerne Y no o-anrebpe,
nopoxxgaemoii X, KOTOPOE Npu 3TOM U3MEPMMO OTHOCUTENBHO 3TOW g-anrebpsl. Mo
TeopemMe O NMpPeAcTaBieHNN CNy4aliHOW BENNYNHBI, N3MEPUMOL OTHOCMTENBHO ApYroii
CnyYaiiHol BEeNMYMHBI, CyLeCTBYeT Takas bopeneBckas dyHkums f, 4TO

E(Y|X) = f(X).

Kakoii cmbicn HecéT 7
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maTemaTtuyeckoe oxugavue E(Y|X) — 370, rpybo rosopsi, ycpeaHerne Y no o-anrebpe,
nopoxxgaemoii X, KOTOPOE Npu 3TOM U3MEPMMO OTHOCUTENBHO 3TOW g-anrebpsl. Mo
TeopemMe O NMpPeAcTaBieHNN CNy4aliHOW BENNYNHBI, N3MEPUMOL OTHOCMTENBHO ApYroii
CnyYaiiHol BEeNMYMHBI, CyLeCTBYeT Takas bopeneBckas dyHkums f, 4TO

E(Y|X) = f(X).

Kakoii cmbicn HecéT 7
Takoii: ecnm y Y koHeyHas gucnepcusi, To f pelaeT onTUMU3aLMOHHYIO 3a4ady
ElY —g(X)>? — inf .
Y —g00F — inf
Bennunny E(Y|X) Takxe HasbiatoT perpeccueii Y Ha X, a dyHkumo f R — R —

cbyHKLMEN perpeccuu.

Y70 ecnm Ham uHTepecHo nNpubsvxkeHune B ApyroM knacce yHKUUl u He B cMmbicie Ly?
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Onpepaenenune perpeccun. JlnHeiiHas perpeccus

Onpegenexne

Perpeccueii nepemeHnHoii (cyyaiiHoli BennymnHbl) Y Ha nepemeHHble (CnyyaiiHbie
BesmYuHbl) Xi, ..., X, Mbl Byfem HasbiBaTb NpubinkeHne B HEKOTOPOM CMbICTIE
BeNNYuHbl Y BennduHamn X, ..., Xn.

Vnpowasi, perpeccus — 3To Npo HaxoXaeHune PyHKLNOHAIBHON 3aBUCUMOCTI MEXay
nepeMeHHbIMU.

MepeliféM K KOHKPETHBIM MOAENSIM N HAa4YHEM C CaMOi U3BECTHOW U3 HUX.

Mycte X — maTpuua, j-biii cTonbel, KOTOPOIl eCTb BEKTOP U3 m HabogeHNA NepeMeHHOiA
Xj, j € {1, m}, a HyneBoii — BekTOp AnMHbI M n3 eanHnL. Mwa onTumansHyto B
CpefHEKBAAPATNHECKOM CMbIC/E JIMHEHYO 3aBUCMMOCTL Y oT X, Mbl MPUXOAUM K 3ajade

JINHEVIHOW perpeccuu:

n

1Y X6 =3 [Yi= D Xgt] — inf

k=1 JZO 0y -2y Pm

I_Ipl/l YEM 30€Cb BEPOATHOCTb U cnyqaﬁHble BENYNHbLI? 3/13



Jluneiinas perpeccus (npog.)

Mpn Tom, 4TO 3ajayy perpeccum, KOHEYHO XKe, MOXKHO CTaBUTL W pewaTe AAsi Joboro
knacca cyHkumiA 1 noboro loss'a, Ho ByaeT fim B TakOM NPOM3BOJIE TOJIK — BONPOC
Ba>KHbINA.

Mpeanonoxum, 4to X1, ..., Xm, Y pacnpeaeneHbl HopMmansHo. Toraa

a) KJ1acC NIMHENMHbIX DyHKLUMIA ONpaBaaH, Tak Kak rayCCoBCKasl PErpeccusi siBAsieTCs
JINHENHO;

6) Lp-loss onpaBpaH, Tak kak no Teopeme laycca-MapkoBa oH [OCTaBASIET OLEHKY
MapaMeTPoB C HAaWMEHbLLUEA Cpean JNHERHbBIX HECMELLEHHbLIX OLEHOK ANCnepCcuei.
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Kakue ewg beiBatoT perpeccum, uam, BepHEE, Kak MOXHO 0bobWNTL AnHeliHY0
perpeccuto?
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Ob0obLIEHHAR NnHelHAs MOAeNb

B ceTTuHre nuHeliHoii perpeccun Mbl UMeeM
E(Y|X) = Xp.

MoHsATHO, 4TO B 0bLLEM Clly4ae Ha JIMHEHOCTb paccynTbIBaTh He npuxoanTcs. OpHako
Mbl MOXeM Npeanonoxutb, 4To BennyduHa E(Y|X) nuneapusyercs HekoTopoit pyHKumel

g, TO ecTb
g(E(Y|X)) = XB.

OueBnpgHoe TpeboBaHne — g Ao/MKHA ObITh Buekumeii.

Kak mbl nomuum, E(Y|X) — 3710, BOODLLE roBOpPSs, CydaiiHas BennymMHa. Tak BOT B
ceTTuHre 0bOBLUEHHON IMHERHON perpeccun 3Ta BENYMHA NPUHALIEXNT K HEKOTOPOMY
3KCMOHEHLMNANIbHOMY CeMEeCTBY.

[aBaliTe BCMOMHNM, 4TO Takoe 3KCMOHEHUMAbHOE CEMENCTBO pacnpeneseHnii.
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DKCMNOHEHUMANbHOE CEMECTBO pacnpenesieHnii

Myctb cemeiicteo M = {f(y;0) |6 € © C R} Takoso, uTo
f(y;0) = h(y)e<77(9)v T(v))-B(0)

ANst HekoTopbiX pyHkuuii h, 1, T n B (h nonoxutensHasi, 7 1 T BEKTOPHO3HAYHbIE).
Toraa I Ha3bIBaeTCA 3KCMOHEHUMANbHBIM CEMECTBOM pacnpeaeneHuii.
Yem siBnsietcs T(y) co cTaTUCTUYECKON TOYKM 3peHus?
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Myctb cemeiicteo M = {f(y;0) |6 € © C R} Takoso, uTo
f(y;0) = h(y)e<77(9)v T(v))-B(0)

ANst HekoTopbiX pyHkuuii h, 1, T n B (h nonoxutensHasi, 7 1 T BEKTOPHO3HAYHbIE).
Torga N Ha3biBaeTCs 3KCMOHEHLMANBHBIM CEMEICTBOM PacnpesesieHnii.

Yem siBnsietcs T(y) co cTaTUCTUYECKON TOYKM 3peHus?

T(y) sBnsieTcs JOCTaTOYHONM CTAaTUCTUKOM, TO €CTb < COAEPXMUT B cebe BCIO MHbopMaLnio
0 paHHbIX (BblbOpKe)». YTo 3TO 3Ha4MT Ha bonee opmansHOM ypoBHe?

MycTb y Hac uMeeTcst BbIDOPKa, TO €CTb NOC/NEA0BATENBHOCTL HE3ABUCUMBIX OfNHAKOBO
pacnpeaenéHHbIX CyHaiHbiX BEIMYNH. Torga COBMECTHast MIOTHOCTL HabntoaeHnin ecTb

f(y17 A 7.yn; 9) = hn(y17 A 7.)/”)e<,r](9)7 T”(y]-""7y")>7B”(9),
rae hn(y1s- - ¥n) = [g=y hvi). Tay, -5 yn) = k1 T(yk). Ba(6) = nB(0).

Takum obpasom, ansi Toro, 4TobbI oueHMTb @, gocTaTouHO nwb 3HaTb T (). J
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[TprMepbl 3KCMOHEHLMaNbHbIX CEMECTB

1. Ber(p).
Vimeem

flyip) =yP(L—y)' P =exp [log(lfp) y - Iog(lip)] :

otkyaa h(y) =1, n(p) = logit(p), T(y) =y, B(p) = log(1/(1 - p)).

2. N(a, o?). 8. Pois()).

3. LogN(a, 02). 9. Exp()).

4. Bin(n, p) npu dpukcnposaHHom n. 10. Gamma(a, \)
5. Mult(n, p1,...,pk) npu cukcmposaHHom n. 11. Beta(a, f3).
6. Geom(p). 12. x3(n).

7. NBin(n, p) npu cdukcnposanHom n. |
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ObobwwiéHHas nuHeliHast Mogens (npog,)

HanomHum, 4To noka Mbl nmeem
g(E(Y|X)) = X3, E(Y|X)~ h(y <n T(y))-B(6)
3aBepiatoweil getansto sieasieTcst cBs3b (link), Bbipaxkaemasi TOKAECTBOM
g(E(Y[X)) = X8 & =g }(XB).
Taknm obpasowm,
E(Y|X) ~ h(y)el7XB): T0)=BXS),

VAW Ha sA3blke HabatopeHui

Yic ~ h(y)exp( (1 (Zxkjﬁj) y)) - (ZXkJBJ))

Mapametpsl By, . .., Bm OLEHMBAIOTCA MO METOAY MAaKCUMaJIbHOro NPaBaonoaocbus.
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[prMepbl 0DOBUIEHHBIX UHERHBIX MOAENeN

1. N(a, 02).
7o, 04eBNAHO, 0bbIYHAs NUHENHAs perpeccus.
2. Ber(p).
Nmeem
f(y; p) = exp [Iog(p> y — Iog<1)} ,
1—p 1—-p
oTKyaa
p . eXP
|og(ﬂ) = logit(p) = Xp <= p=o(Xp) = 15 X5

DTO NOrUCTMYECKAsi PErPECCUsi, WU JIOT-PErpeccust.
Ons toro, 4tobwl Halitu 3, pewaem

3 [ 35— (1 oo 35 5))| — s

k=1 j=0 j=0 Bos -+ Bm
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Mpumepbl 0606WEHHBIX NUHERHBIX Mogeneli (npoa.)

3. Pois(\).
Nmeem v )
f(y; P) — 7'67/\ | log(A)y—X
y y
oTKyza

log(A) = X8 <= X =exp(XP).

DTO NyacCOHOBCKasl Perpeccusi, Uam Aor-jaurHeliHas perpeccus.
Ons toro, ytobwl Halitu 3, pewaem

n m—+1
Z |:Yk Z ijﬂj - eXp(ZXkJBJ)):| sup .
k=1 j=1 Bo, - Bm
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O Bbibope perpeccopos

Ha npakTuke 3a4actyto nepemenHbix mHoro. Ecnm mbl gobaBum B Mogenb ux Bce, ckopee
BCEro, Npousoigér nepeobyyernne — Mogenb byfeT OTANYHO anmpOKCUMUPOBaTL AaHHbIE,
Ha KOTOPbIX OHa oby4anack, HO ByAeT nioxa Ha HOBbLIX AAHHbIX.
Kakue 6biBatoT noaxoabl K Bbibopy perpeccopos?
a) Best subsets regression.
WNpes npocta. [agaiite BoibepeM MeTpUKY KayecTBa MOLEN U CPABHUM €€ 3HaYeHUs
Ha BCEBO3MOXHbIX MOAMHOXECTBAX MHOXECTBA perpeccopos. Buibupaem 1o u3 Hux,
Ha KOTOPOM METpUKa Hauay4Lias.
Kakoii y 3Toro nogxofa KpuTUHeCKunii HefocTaTok”?
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WNpes npocta. [agaiite BoibepeM MeTpUKY KayecTBa MOLEN U CPABHUM €€ 3HaYeHUs
Ha BCEBO3MOXXHbIX MOAMHOXECTBAX MHOXECTBA perpeccopoB. Beibnpaem 1o n3 Hux,
Ha KOTOPOM METpUKa Hauay4lias.
Kakoli y 3Toro nogxofia KpUTNYeCKunii HeaocTaTok?
MHOXeCTBO NOAMHOXXECTB PaCTET SKCMOHEHLMANIbHO OTHOCUTENILHO YUCAa
perpeccopos, NosToMy npsimoli nepebop 3To He camasi CBeT/as uaes.
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O Bbibope perpeccopos (npoa.)

6)

Stepwise regression.

[agaiiTe 0OCTaBUM METPUKY Ka4ecTBa MOAESIN, MHOXECTBO NOLMHOXECTE Perpeccopos
1 NPUKPYTUM K HUM >XagHblli nouck. Ectb gBa nogxopa — forward selection un
backward selection. B forward’e Ha kaxgom Lare gobaenasieM nepemeHHyto,
npupaleHne MeTPMKN Ha KoTopoii Hanbonbwee. B backward'e HaunHaem ¢ nonwoii
MOZLE/IN N Ha KaXKAOM Luare oTbpacbiBaeM NepeMeHHyto, Ha KOTOPOiA yMeHbLUeHWE
mMeTpukmn HanmeHblee. OcTanasnneaemcst imbo Ha 3apaHee BbIbpaHHOM nopore
MeTpuKu, nnbo Torpa, Korga npupaiieHmne/yMeHbLIEHNE CTAHOBUTCS
HE3HAYUTESIbHBIM.

LASSO regression.

ApanTneras pobaeka K uenesoii dyHkumn B Buge Al[5]|1, A > 0, npuBognT K Tomy,
4TO B pe3y/bTaTe ONTUMU3ALUN MHOTUE KOMMOHEHTbI 3 3aHYNSIOTCA.

Ridge regression.

A 3T0 yXe He npo BbIOOP Perpeccopos, a Npo ux KOHTPonb. AaanTneHas gobaska K
uenesoit pyHkunu B Buge A|l|Bll2, A > 0, ymeHbluaeT abcontoTHble 3HaYeHNs

KOMMOHeHTOB 3. o



Ob oueHKe KayecTBa MOAENN

A kak BoObLle cpaBHMBaTb Mogenn apyr ¢ apyrom? To ecTb Kakue MeTpukiu boisatoT?

® B cnyuyae nuHeliHo Mogenn y Hac ectb R?, Rfdj, Cp-cTtatuctuka Mannoy. MNocnepHee

cyuTaetcs no copmyne
2n(d +1)

52

Cp = MSE +
® B obuiem cnyyae, NOMUMO NpoYero, y Hac eCcTb MHGOPMaLMOHHbIE KpUTepun. AKauke:
AIC(0) = Ly — d,

banecoBckuii:

BIC(0) = Ly — '°g2(”)d.

Mpn n — oo BbIbop no BIC npueoguT K McTuHHBLIM Nnapametpam, a Boibop no AlC
NPUBOANT K MOAENN C HAUMEHbLUEA Jucnepcuein owmnbku.
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