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Therefore,
Ay® < ED/a’. (3.24)

The inequality (3.24) shows how the support of the frequency response (with
threshold a) is related to the filter power.

3.9.2 SSA Reconstruction as a Linear Filter

Let us return to Basic SSA . Let L be the window length and (ﬁ, U, V) be one of
the eigentriples generated by the SVD of the trajectory matrix of X (see Sect.2.1.1
for notation and definitions). Since the reconstruction operation in Basic SSA is the
linear operation, it can be written in matrix form.

Let K =N — L+ 1, L* = min(L, K). Define the diagonal N x N matrix

D = diag(1,2,3,...,L*—1,L*, L*, ..., L*, L* —1,...,2,1)

and the K x N matrix

uy uy uz --- wu;r, O --- 0 O O
O wuy wy wuz --- ur, 0 --- 0 O
0 0 0
W =
O -+ 0 wuy wur wuz --- ur O
0 O O wuy wuy wusz --- up O
o 0 O -+ 0 wuy wuy wusz --- uL

Proposition 3.9 The time series component Xy reconstructed by the eigentriple
(VA, U, V) has the form
XL =D 'wiwxl,.

Proof First, note that WX]TV = XTU = VAV e RX. This yields that the vector
WTWXIT\, (of size N) consists of sums along N antidiagonals of /AU VT, the ele-
mentary summand of the SVD. Multiplication by D~! provides the normalization of
the sums by the number of summands and therefore by the definition we obtain the
elementary reconstructed component. (]

Remark 3.11 Let us add the index i to X to indicate that it corresponds to the ith
eigenvector U = U;. Then, evidently, the reconstructed series X\) by the set of
eigentriples { (Wi, Ui, Vi), i € I}isequal to the sum of the reconstructed elemen-
tary series X*). Therefore, the matrix form for X\ immediately follows from (3.9).
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Proposition 3.9 and Remark 3.11 allow us to describe the reconstruction produced
by Basic SSA as an application of a set of linear filters.

Let L < K. Define the linear filters @, @_1, ..., @1 and ¥ by their impulse
characteristics hg, , ..., hg, and hy:

ho, = (...,0,uL,0,...),

ho, , =(..,0,ur—1,ur,0,...),
h@| = ("-7071/[1’"'7ML727ML717MOL707‘-');
hy =revhp, =(...,0, Wr Up—1y ..., u1,0,...).
Now we can introduce the reconstructing filters @, k = 1, ..., L, generated by the
vector U:
Py =0OroV/(L—k+1), (3.25)

where ‘o’ stands for the filter composition, which is equivalent to the convolution
‘x” of the filter impulse characteristics.

Proposition 3.10 Let Xy = (x1,x2,...,xN). Then the terms of the elementary
reconstructed series Xy corresponding to the eigentriple (v/A, U, V) have the fol-
lowing representation:

o Xy = (Py_g+1(Xy))s forK+1=<s5<N;
o Xy = (21(Xy))s forL <s <K.

This result is the direct consequence of Proposition 3.9. The set of filters providing
the reconstruction of X for 1 < s < L can be built in a similar way.

Let us examine two special filters: @1, which is used for the reconstruction of the
middle points of the time series with numbers L, ..., K, and @, which is used for
the reconstruction of the last point only. The former is called the MPF (Middle Point
Filter) and the latter is referred as the LPF (Last Point Filter). In next two sections
we consider them separately.

3.9.3 Middle Point Filter

As above, we assume L < K. According to Proposition 3.10, the MPF @ acts only
at the Lth to (N — L+ 1)th points. This leads to a limited use of the MPF in the

case L ~ N/2. The explicit formula for the MPF filter QD{i) corresponding to the

eigenvector U; = (uy, ..., u L)T has the following form:
L—1 (L]
Xy = Z Z uglp(j|/L | xs—j, L <s=<K. (3.26)

j=—(L-1) \ k=1
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Itis clearly seen that the order of the MPF is equal to 2L — 1. Alternative representation
of (3.26) is

L L
¥o= > > ujwxgyj /L, L<s <K. (3.27)
j=11=1
Let us enumerate several properties of the MPF @1(1).
1. The filter CD{I) is symmetric. Hence the MPF is a zero-phase filter. In particular,
the MPF does not change phases of sinusoids.
2. In a particular case of / = {i}, applying Jensen’s inequality, we obtain that the
sum of coefficients of the @1(’) given in (3.27) is not larger than 1:

L

L 2 L
Zujul/Lz ZMJ' /LSZM?:I.
Jj=1 Jj=1

3. If the matrix XX is positive, then the leading eigenvector U, is positive too
(Perron’s theorem) and, therefore, the coefficients of the filter CD{I) are positive.
This is true, for example, in the case of positive time series. If the time series
is close to a constant (at the timescale of L), then the coordinates of U; will
be close one to another and the MPT filter @1(1) will be close to the so-called
triangle (Bartlett) filter. This implies, for instance, that the extraction of trend by
Sequential SSA with small L (see Sect.2.5.5) is similar to the application of a
weighted moving average procedure with positive nearly triangular weights.

4. Power of the MPF satisfies the following inequalities.
Proposition 3.11 Let the filter <Dl(i) be the MPF generated by eigenvector
Ui=(ui,...,ur)". Then &0 <1/L.
Proof The proof of the proposition results from the following inequality:

L L L
lIhy srevhy |l < > jujl- lhyl = D luj| - Ul =D |uj| < VLIU|| = VL.

j=l1 j=l1 j=1
O
Proposition 3.12 Let CDEI) be the MPF generated by eigenvectors {U;,i € I}

where |1| = r. Then (5’@{') <r?/L.
Proof By linearity of the grouping operation, q)fl) =>
by Proposition 3.11 we have:

< (Slerl) =(S oot <

iel iel

icl @1@, and therefore,

sol) =

Shyp

iel

O
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5. A direct consequence of Proposition 3.12 and inequality (3.24) is the inequality
Aacbl(l) < r?/(a*L). This means that for any threshold a, the support of filter
frequency response tends to 0 as L — oo. This effect is clearly seen in Fig.2.22
(Sect.2.4.3) showing the smoothing effect of Basic SSA.

6. Let us define for w € (—0.5,0.5]

2
L
1 o
gu(w) = I Zuje"z’””f . (3.28)
j=1

The function gy is closely related to the periodogram HML introduced in (2.10)
of Sect.2.3.1.1: gy (k/L) = LHuL(k/L)/Z for0 < k < N/2and gy(k/L) =
L ITE(k/ L) otherwise. It appears that the frequency response of the MPF is almost
the same as the periodogram of the vector U.

Proposition 3.13 Let Ag, be the frequency response of the MPF filter ®@1. Then
gu(w) = Ao, (w).

Proof Recallthat®; =@ 0¥ /L wherehy = (...,0,u7, ur—1,...,u1,0,...)
andhg, = rev hy. Also, from the theory of linear filters [20] we have Ag, ow (0) =
Agp, (0)Ay (). Then

2

A (o) = ) 1
P = L '

L—1 )
Z uL_je—127rwj
=0

1-L

—i2nwj
2 ungje T
=0

L
,—i2nwj

D uje

Jj=1

7. It follows from Proposition 3.13 that for SSA identification and interpretation
of the SVD components, the periodogram analysis of eigenvectors can be very
helpful. Also, an automatic identification of components introduced in Sect.2.4.5
is based on properties of periodograms of eigenvectors and therefore can also be
expressed in terms of the frequency response of the MPF.

3.9.4 Last Point Filter and Forecasting

The last-point filter (LPF) is not really a filter as it is used only for the reconstruction
of the last point: Xy = ziL:_ol uru;+1xy—;. The reconstruction by the eigentriples
with numbers from the set / has the following form:

L—1
fz(vl) _ Z(Z“g)ug—l)xl\/—k‘ (3.29)

k=0 \iel
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However, it is the only reconstruction filter that is causal. This has two consequences.
First, the LPF of a finite-rank series is closely related to the LRR governing and
forecasting this time series. Second, the so-called Causal SSA (or last-point SSA) can
be constructed by means of the use of the last reconstructed points of the accumulated
data. Since in the Causal SSA the LPF is applied many times, the study of properties
of LPF is important.

Let the signal Sy has rank r and is governed by an LRR. Unbiased causal filters of
order L and linear recurrence relations of order L — 1 are closely related. In particular,
if the causal filter is given by s; = Z/f;ol ap—ksj—x and ap # 1, then this filter
generates the LRR of order L — 1: 5; = Z,fz_ll CL—kSj—k, Where ¢y = ar /(1 —ar).

Similar to the minimum-norm LRR, the minimum-power filters can be considered.
It appears that the LPF has minimal power among all unbiased filters. This follows
from the relation between LRRs and causal filters. Denote by P, the orthogonal
projector on the signal subspace. The LPF has the form sy = (P,Sx)r = ATSk,
where A = P,ey, while the min-norm LRR is produced by the last-point filter, i.e.
R=A/(1—-ap).

In the general case, the filter (3.29) can be rewritten as xy = (P, Xg)r, where
Xk is the last L-lagged vector, P, is the projector on SSA estimate of the signal
subspace span(U;, i € I). Formally applying this filter to the whole time series, we
obtain the series of length K consisting of the last points of the reconstructed lagged
vectors )? k-

Note that if we use other estimates of the signal subspace, then we obtain other
versions of the last-point filter.

3.9.5 Causal SSA (Last-Point SSA)

Let Xoo = (x1, X2, ...) be an infinite series, X); = (x1, ..., X)) be its subseries of
length M, L be fixed, L(M) be a subspace of RL, P(M) be a projector to L(M),
AM)=P,(M)e,, K=KM)=M — L+ 1.

Introduce the series Xoo as follow. Define (Xoo) m=PMXgm)L =AM )T
Xk (M), where X gy is the last L-lagged vector of Xs. Thus, (XOO)M is a linear
gombination of the last L terms of Xy, with coefficients depending on M that is,
Xso can be considered as a result of application of a sequence of different causal
filters to Xoo.

L, (M) =L(M)=span(U;j(M), ...,U,(M)), where Uj(M), ..., U-(M) are
the signal eigenvectors produced by SSA with window length L applied to X3, then
this sequence of causal filters is called Causal SSA. In this case, (X) M 1s equal to the
last point of SSA reconstruction X, which in turn is equal to the last coordinate of
the projection of the last lagged vector of Xs to L, (M).

Given that £, (M) is used as an estimate of the signal subspace, M should be large
enough to provide a good estimate. Therefore, we need to introduce a starting point
My (with My > L) in the Causal SSA and consider M > M only.
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Since the result of application of the Causal SSA is a sequence Xoo built from
SSA reconstructions of the last points of the subseries, the Causal SSA can be called
Last-point SSA.

Remark 3.12 Let us fix N, L and consider Xy, the corresponding Uy, ..., U, and
L(M) = span(Uy, ..., U,) for any M. Then the series XN is the result of application
of the last-point filter to X. Assuming that the estimates of the signal subspace on
the base of Xy are stable for large enough M, we can conclude that the result of the
Causal SSA will be close to the result of the last-point filter (LPF).

Note also that in the considered particular case, X (more precisely, its last K
points; the first L — 1 points are not defined or can be set to zero) coincides with the
last row of the reconstructed matrix X of the series X ~. That is, XN is similar to the
result of reconstruction before the diagonal averaging is made.

Causality yields the following relation: under the transition from Xj; to Xjs41,
the first M points of the XM+ -1 coincide with Xps. This is generally not true if we
consider the reconstructions Xy, for X, obtained by the conventional SSA. The
effect (Xp); # (Xp41)j, J < M, is called ‘redrawing’. For real-life time series
we usually have redrawing for all j and the amount of redrawing depends on j.
Redrawing of only a few last points is usually of interest. Moreover, redrawing of
local extremes of the series is more practically important than redrawing of regular
series points. Small values of redrawing indicate stability of SSA decompositions
and hence stability of time series structure. The amount of redrawing can be assessed
by visual examination or measured using the variance of the redrawings at each time
moment of interest. These variances can be averaged if needed.

Generally, the reconstruction has no delay (at least, the middle-point filter has zero
phase shift). On the other hand, delays in the Causal SSA are very likely. In a sense,
a redrawing in SSA is transferred to a delay in the Causal SSA. If £, corresponds
to the exactly separated component of the time series X, then SSA has no redrawing
and the Causal SSA has no delay. In conditions of good approximate separability the
redrawing is almost absent and the delay is small.

Example

Let us demonstrate the described effects on the ‘S&P500° example introduced in
Sect.2.5.1. Figure 3.7 shows the result of the Causal SSA with window length L = 30,
L, (M) = span(Uy (M), Up(M)) and My = 200. The delay is clearly seen. If we
consider non-causal (Basic) SSA reconstructions of cumulative subseries, then the
redrawing takes place (Fig.3.8). This redrawing increases in the points of local
maximums and minimums.

Finally, let us note that if the direction of change of the time series is of primary
concern (rather than the values themselves), then, instead of taking differences of the
Causal SSA series, it may be worthwhile considering the time series which consists
of differences of the last two points of reconstructions. The result should be expected
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Fig. 3.7 S&P500: causal SSA
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Fig. 3.8 S&P500: non-causal SSA with redrawing

to be more stable since the reconstruction of the next to last point has better accuracy
than that of the last point.
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